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1 Two-stream instability

1.1 Dispersion relation

This instability occurs when the electrons and ions have a relative velocity.
Working in the frame moving with the ions, we have:

lons: n =no+ ni; =105 (Yo =0 for the ions.)

Electrons: n =ng +ne; 9= v+ e

There is no magnetic field, By = 0, and we look for an electrostatic pertur-
bation so B; = 0 too. Then the equations of motion are:
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for electrons. Linearizing, and using the usual wave form for the perturbed
quantities, we have:
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—iwne + ik - (noTe +nety) =0 (10)
Solving for the densities, we have from (9):
n; = nNo Z (11)
while from (10)
k- 7.
Ne = Nyo HU' (12)
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The denominator here indicates the doppler-shifted frequency in the electron

rest frame.
Then from Poisson’s equation (8):
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Finally we use the equations of motion (6) and (7):
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Since we expect k- E to be non zero in an electrostatic wave, we divide it out
to get the dispersion relation:
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1.2 Growth rate
Let’s try to find the growth rate for the 2-stream instability. The dispersion
. 2
(w — k- 770) W

relation (13) is a fourth order equation for w.
2,2
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If k-7 =0, we get o = w?, + w2, with no imaginary part to w. These are
just plasma oscillations. Thus the interesting case is propagation parallel to



the stream: % - 7o = kv, Calling the right hand side of equation (13) F(w), we
see that F — 0 as w — zoo,and F — oo as w — 0 or kvg. Thus there
is a minimum at point A where 0 < w < kuvg. If this minimum is less than 1,
then there will be 4 real roots, implying that the system is stable. But if the
minimum is greater than 1, there will be only 2 real roots, and two complex
roots (a complex conjugate pair). One of these complex roots corresponds to
growth, and one to damping. Thus the condition for instability is:

F (wA) > 1 (14)
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Plot shows F' (w) with kvg = w,/v/2 and m/M = 0.1
First we find the position of the minimum.
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Set this equal to zero:

m/M 2 0 —s w m>1/3 (m>1/3
g — —_—(— - _ (=
S R P I B 7
where we have taken the real cube root. This gives:
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Then
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Thus instability should occur for:
3/2
koo < wpe (14 (m/M)"?) (17

For a given vo, this relation gives the maximum & (minimum ) for instability.
Small enough %k (long enough X) are always unstable. Equivalently, for a given
vo and a given k, it gives a minimum density (in wp.).

Another way to look at this is that electron plasma oscillations, Doppler
shifted to the ion frame, resonate with the ion plasma oscillations.

Now rewrite the dispersion relation (13):
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We expect to find that the real part of the frequency is roughly comparable to
Wpe > wy; (We can check this later) so we approximate:

Rearrange:

2
(w —k- 170) = Fwpe (1 + 2—%) (18)
where the terms match up as follows:
k- U ~ £wpe
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The last two roots form a complex conjugate pair:
2/3 1
505 (57) 3 (120v3)
wo=555(57) 3 (13
and one of these roots represents growth at rate
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S0 our approximation is valid.

2 Rayleigh Taylor Instability
2.1  Drift Analysis

Consider a plasma supported against gravity by a magnetic field B. The mag-
netic field acts like a ”light fluid” of density ~ p,B? supporting the "heavy”

plasma. The system is unstable to overturning, putting the heavy fluid on the
bottom.

1 :X
The gravitational drift (motion notes eqn 7) is
. mix B m(—g9) x B2 m gR
YDy qg B2 q B2 g B (19)

So electrons go in the plus z—direction, and protons go in the —x—direction.
Thus we get a charge separation as shown in the figure, which, in turn, produces
an electric field in the z—direction.



Now the E x B drift
E x B
B2
is the same for both protons and electrons. Since E is in the z—direction, 7z is
in the direction of & x 2 = —g. Thus the perturbation continues to grow.
Let the perturbation be of the form

(20)

Vg =

Ay =asinkx (21)

where the amplitude « is intially small (¢ < ). Since the gravitational drift
speed is proportional to m, we neglect the electrons. The equation of charge
continuity is:

Jp S
— L j=
e +V-5=0 (22)

Thus at the boundary, the surface charge density o grows because the current
density brings charge to the surface. Integrate over a pillbox crossing the

surface, as usual:
/%dv——fﬁ-*d/x
ot - J

Jo
ot
where 7 is the inward (upward here) pointing normal. The surface has slope

Thus
=] (23)

15,
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and thus a vector tangent to the surface has components:

) = 1 kacos kx \
\\/1 + (ka coskar:)27 \/1 + (k:acoskx)2}

and thus the normal we want has components:

t = (cosf,sin6

. —kacos kx 1
\\/1 + (kacos kx)Q’ \/1 + (kacos kx)zj

For small amplitude perturbations, ka < 1, we may approximate:

n~ (—kacoskz,1) (24)
Then, with ¥p, in the z—direction,

2 N g .
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and equation (23) becomes

0
a—z = —noM%kacosk‘x = —nOM%kacos kx (25)
So we may write

o = ogcoskx

where y
0o g
— = —ngM=k 26
At o B a (26)
Now recall the dielectric constant for low frequency motions in a magnetized

plasma (Chen equation 3-28, fluids notes eqn 1)

2 2
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We use this with Poisson’s equation:
V-cE=p
Integrating across the boundary, we have:
eE h—eoEy n~cE -n=0c
where the field EV on the vacuum side is unimportant since € > ¢y. Thus.

- k
B.op= 20S08°T E;ng + Eyny, = E, (27)
€

With our usual assumed form for perturbations, ei(’“'f*“t), and uniform density

away from the boundary, the electric potential satisfies Laplace’s equation:

VO =0=k*®=0=k)+k, =0=k, = Lik, (28)
Thus
B, - 0 COS kze_ky 29)
9
and )
B - op sinkx — (30)
3
(Check : V- E = 2 4 2By — 20 (L cos kze Y + (—k) cos kze ™) = 0 as
ox oy €
required)
Now the y—component of the E x B drift moves the boundary, so:
0 E, oosinkx da .
Ay—vEy(y—O)——B == 5 - sin kx (31)
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where we used equation (21) in the last step. Thus, dizerentiatinbg wrt ¢ and
using equation 26, we get

d’a 1 doo 1 ( g 1
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a2 cB dt B\ B cpz Y
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= =——ngMgka = —nogM gka = gka (32
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This is the exponential equation with solutions e*7* and v = v/gk. The positive
root indicates growth of the perturbation.

Note that any drift that has a similar ezect to the gravitaional drift (e.g.
curvature drift) would cause a similar instability.

2.2 Normal mode analysis

We can get the same result by several dicerent methods. Next we consider a
somewhat more powerful method that allows to consider an equilibrium state
that is non-uniform.

Consider a plasma at rest in the lab, supported by a magnetic field. ~ We
choose coordinates such that § = —gy and By = Bo(y)z.  First we investigate
the initial equilibrium.  From the momentum equation:

(P +£283) = pogi+ 1o (Bo - ) Bo = pod (33)

since B, is not a function of z in this case. We also have Maxwell’s equation
V-B = 0, which is automatically satisfied by our assumed form for By.  Finally,
we choose ¥y = 0. Since g is in the —y direction, equation 33 may be written
as: 5
Ko 2)

— (P, +&2pB2) — _ 34

oy ( 0+ 5 Do Pod (34)
Next we perturb and linearize. .
Momentum equation:
U1 Lo

pust = VP uo¥ (Bo- Br) + o (Bo- V) Brtmo (Br-¥) Bot i (39)

Maxwell equation:

V-B=0 (36)
Continuity equation:
oIp1 =, -
7 + V(o) =0 37
Equation of state:
7 (7)o
dt \p7)
10 v 0p; I Py
— =Pt R <_pg+1 = + (- 9) —~) =0 (38)



Magnetic field evolution:
0B N 52 s (e L
a—;+(ﬁl-v)30+30(vm)—(Bo-v)m:o (39)
Now let’s look at these equations component by component. Since the
equilibrium state has gradients in the y—direction, then.we assume all pertur-
bations are of the form s, (y)e!(**=«* with no z—dependence.
The momentum equation has three components:

—iwWpgUy = —iky P1 — tkypugBo B, (40)
0P, 0
—i = ——— py=—(BgB,) — 41
WP,y dy Moay (BoB:) — py9 (41)
) 0By
—iwpov, = uoBya—y (42)
Maxwell equation for 51:
0B
ikyBy +=—% =0 (43)
dy
Continuity equation:
. - J
—iwp, + poV - U1 + vyﬂ =0 (44
dy
Equation of state:
iw wy 0 ( Py
—=P +—=Fp +v—<—>:0 (45)
po eyt oy \ g
Expand out the last term, and multiply by p] :
P OP, B0
—iwP + iw’y—opl + vy—o - ,yvy_Oﬂ = (46)
Po dy Py Oy

Magnetic field evolution (3 components)

—iwB;. =0 47)
—iwB, =0 (48)
)

—iwB, + uya—y(’ + (v .171) By =0 (49)

So B: = By = 0. Thus the field lines do not bend.  Now we solve for p,,
P;,and B,. From (44)

-

1 B 9
p1 = <poV-v1+vy p0> (50)

- dy



From (46) and (50)

P = 7?—0% <p0V U1 + vy=— 86'00> + % (vyaa—l/;) — 71@%%)
- L (wﬁ B+ vyaa—f;o) (51)
From (49)
B. = % [vyaa—ByO +(v-a) BO] —0 (52)

Notice that these three expressions have very similar forms. Now we put these
expressions into the momentum equation components and solve for the compo-
nents of .

1 ky Ipo 0By =
Vg o (zw) <’Ypov U1 + vy Dy + pobo <Uy_8y + (V 111) 0>>
{ NS - Opo 0By
= gt (m sty o (Gremng)) o

From the intial equilibrium equation (34), we may simplify the factor multiply-
ing vy, :

i -
Uy = _w2p0k ((7}70 + MOBU) V.1 — pogvy) (54)
y component:
. . 8 1 a Do a B() BBO .
enon = g (s o) g [ (5 (99 )
1
+— <Pov U1 + vy—0> g
iw
L] a N 8]7() 330
v w?pg _6y ((WOJFMOBO) Vi1t (8 + 1o Bo 3 >)]
1 6 Apy
_prO Po U1 + Uy B g
-1 [0 . L op
T W Ly ((W“ T BY) V0~ pog”y) + (POV T+ Uya_zj])(@%)

The z—component is trivial:
v, =0 (56)

Now we use the equation (54) for v, to eliminate the quantity (Wpo + uOBg) v
Gt
w2

w?p -
i Lo, + poguy = (Yo + 1o B3) V - % (57)

Then v, becomes:
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-1 [0 (W - ap
o= L‘?_y (l kmouw PogUy —pogvy> + <poV Ty +vya—; g
1 Tu? 0 B} ap0> }
- = (pove VB + v, =l 58
w2 {Z w0y (Povz) + (Po U1 + vy oy g (58)

_ At this point we can simplify by considering only incompressible modes:

V -4p = 0. We couldn’t do this before, because incompressible is equivalent

to v — oo, and our equations contained a term V - v, which is therefore

indeterminate.  Now that we have eliminated this term, we are free to make

the incompressible assumption.  Note this does not mean the entire plasma is

incompressible, but only that the modes we are investigating are incompressible.
Then:

G Ty = ik, + 2 (59)
dy
and the equation (58) for v, becomes:
—i 0 v, Op

_ —_ A ud 1} 60
U.U Pokx ay (pOUz) wgpo 8y ( )

S - o) e ()

Y w2py Oy  poks Oy iky Oy ) pok2 0y Po Oy

= 1 %% + i_a%y (61)

pokZ Oy Oy k2 Oy?

Some possible solutions of this equation are:
1. Exponential density variations:

10
— 220 _ constant = (62)
po Oy
The equation for v, becomes:
0%, Ouy 5 g
o2 Oza—y— k:xvy (1 +EO¢) =0 (63)

This dizerential equation has a solution of the form v, = v;e??¥ where p is a
solution of the equation:

Pt oap— k2 (1+%a)=o (64)
w

. - 2 2 2
The solutionis p = i%\/(aQ +4k2 + 4%39&) —ta=2 (i\/ 14425 4 4552 1> ,

and we expect p < 0 (the velocity dies away as we go away from the boundary)
we need the minus sign if « > 0. Then we see that |p| > «. Thus

g_g:w;wz:%
o 72 P(pta) -k
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We have w? < 0, and thus instability, if k2 > p (p + «) , and then with w = iy,
the growth rate v is
Y = O — \/ o

If w? + ga = 0, there is a solution in which v, does not vary with y (p = 0).
Then we have an instability (w = i) with growth rate

= 3\ /ga
Note we have instability only if the density is increasing upward. If the
density decreases upward (« is negative) then the plasma is stable.
2. No gradients in the initial state: %”;jﬂ = 0. Instead we have a sharp

boundary across which p, goes to zero, and the magnetic field suddenly in-
creases. (This is the case that we anlayzed using drifts above.) Then for
y > 0 we have from equation (61):

182y +k,y
vy =3 = vy, =vie ' ®

K2 Oy (6)

For y > 0, the mmus sign in the exponent is the appropriate choice. At the
boundary itself, —'?“ — 00, and equation (61) becomes:

g _Opy 1 9py vy

9ho _ 66
V% Dy pokZ By Oy (50)
or 1
g 2
= == (kv = —gks 67
7)yWQPo Pok% ( vy) — g (1)

Again we have an instability with growth rate v = /gk,, the same result we
got from the drift analysis.

Note this is a pure instability (not overstability) since the frequency has
no real part. The growth rate increases as vk, so smaller wavelengths grow
faster. At some point this trend is limited by exects we have ignored in this
analysis, such as viscosity, which is more important on small scales. Also, once
the perturbations become non-linear, this growth rate no longer applies.

2.3 Instability of magnetically-confined plasma

The curvature plus grad-é drift is:

2

m (v
7 e — —— 2
Utotal drift = 1B ( 5 +U)
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Comparing with the gravitational drift, we have an ecective gravitational accel-

eration of .
. R 1
Jen = R_g (Uﬁ + 5”3.)

and thus we have an instability if %, points out of the plasma, as shown below:

Hc

Unstable situation

2.3.1 Energy analysis

The stable state is one of minimum energy. The energy of this system is the
magnetic field energy (up = B?/2pu,) and internal (thermal) energy. For an
adiabatic equation of state, P « p?, the internal energy density is:

Uint = ?nkT

where the number of degrees of freedom N is related to v by

_ N+2
TSN
2
N - ﬁ
Thus
S nkT i
Uint = S 1 *7_1
and the internal energy in volume V' is
PV
Uint = ——
v—1

In the Rayleigh-Taylor instability driven by gravity, flux tubes are interchanged
without any change in volume. There is no change in magnetic or internal
energy. The gravitational energy is decreased as the plasma falls. The system
is unstable.

Now we look at the magnetically confined plasma without gravity. Seen end
on, the system looks like this:

13



flutes- end view

The system is low 3, the plasma pressure is small compared with the mag-
netic pressure, so the magnetic energy density does not change much as the
flux-tube 1 moves to position 2. The magnetic energy in a flux tube is:

B2 B?
EM:/ —dV:/ — Adl
tube 28 tube 244
where A is the cross-sectional area of the tube and we integrate along its length.
Now the flux ® = B A is constant along the length of the tube, so

o2 ae
Ey = — — (68)
20 Jiube A
Thus the change in energy due to the interchange of the flux tubes is:
Ny Ty T
210 J2 2 J1 A 2p Sy A 2up Jy A

and this change is zero if the two fluxes are equal: ®; = ®,.
Now we look at the internal energy. As the flux tubes are interchanged, the
pressure will change if the volume changes. The new pressure in region 2 is

Vi vy
ki-n(z)
2

14



Thus the change in energy is

1 i\" Vo7
AFEiny = —{Pl (—1) Vo— PVi + Py <—2) vlpgvg]
’7—1 Va %

1
— {P1V17V21’7 PV + PV - PQVQ}

Now letting P, = P, + 6P, Vo, = V; + 0V, and expanding to second order, we
have:

AB PV 14 (1 — )& dmlemd (v gy
int - _ 2
T T 00 R) [l R () - (14 8) (14 &)
:g _:2 2
P1V1 ) (-1 (167 2)67‘/67 125 6(67‘/) +61 1A% SP 5V
— 1% — 1% PV P
L e e el ) B e el e Sin ity o
PV, SPOV 5v>2
po— e AR At
5V [oP 5V
= P V—|— LA
BT {P ”(Vﬂ

P
= 4§V <6P + WW)

The first order terms all disappear, as expected if the initial state is an equilib-
rium. Any equilibrium is an extremum of the energy, but a stable equilibrium
is a minimum. Thus the energy change must be positive for the system to be
stable. As P — 0, the first term dominates. Thus for stability we need

0P >0 and 6V >0

or
0P <0 and 6V <0

Now with ®&; = ®,,

%4

6/Ad€:6/BA%:<I>6 4

B
d d
JIESE
2 B 1 B
Thus if 1 represents the region with the plasma, so that 6P = P, — P; < 0, we
need 6V < 0 for stability. That is

/dﬁ < / d for stability.
B 1 B '

But since By > B; to confine the plasma, we need

By
l —_]
2 < B 1

15



stable system - side view
Thus the field lines curve as shown, with the plasma on the "outside”. This is
the geometry of a neutron star magnetosphere, but is the opposite of what we
want for a CNF machine, where the plasma is on the "inside". This is a very
dangerous instability, as the growth rate is high and it moves a lot of plasmal!

3 Resistive Drift Waves

3.1 Two-fluid analysis

This is an example of a universal instability. We start oa by analyzing drift
waves with no resistivity, then add the resisitivity and look at its exects.

Drift waves are driven by gradients in the intial state. Confined plasmas
always have gradients, so these kinds of instabilities occur in many situations.
As an example, we consider electrostatic drift waves, which have a phase velocity
equal to the diamagnetic drift velocity:

7]€BT6’N,X.§_I€BT€TLX§

vp = q nB? mw, nB (69)
We use the 2-fluid equations and study small perturbations.
v o) o L, 4 -
nm[a—l—(v-V)v}—nq(E—i—vXB)—Vp (70)
%Jﬁ-(na):o (71)

Now we perturb and linearize. In the perturbed state there is an electric field:
E=-Vo

Electrons can move freely along the field lines, and so establish the Boltzmann

distribution:
ed

kT

n=n,exp(e®/kpT) = n1 =n, (72)
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(We could also get this from the equation of motion.) Now let B = B,z,
and let Vn be along %. Also take i in the y — z plane, T; = 0, %, = 0 and
oo = Up = Vp§¥, With Vp = —£8L Ldia (eqn 69).

Continuity equation (71) o

dn,

—iwny + ik - Uil + Vig=—— =0
dx
Solve for the ion density n; :
n Vig ANy k- ;
= 2 (73)
N,  wwn, dr w

lon equation of motion (eqn 70 for the ions)
—iwnMu; = en (filg(I)) + ent; X éo

Solve the equation of motion for the components of 4. (Remember that ks in
the y — z plane.)

Q
—twM vy, = evy By, = vy = i—cviy 74
w
—twMuvyy = —ikye® — ev;,. B,
. ) edk
—iwMuv,, = —ik,e® = v;, = =
w

Substitute v;, into equation for v;,,
‘ , Q, k,e® 02\
—twMuv;y = —ikye® — ezjvino = Uy = :;/_M (1 — F) (75)
Then we can find v;,, from eqn (74).
g\ —1
vy = i e kye® () D
w wM w?
2 92

Now we specialize to low frequency waves with w < Q. so that 1 — %g R —=%.
Then:

&/{I e@w_27 " ed
Yo WM Q2 o.M

Vig =

and
k,e® w? kyed w
Viy = — = - -
Y wM Q2 MQ. Q.
and |vy| < |vi,|. Put all this into eqn. 73 for ny, ignoring the term in v;,

compared with v,

mo_ 1 <zk ed )% +&e¢>/€z
o TWn, Q.M ) dx w wM
e <k1,VD N Uﬁk?)
kgT w w?
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where v2 = %QLT Now we use the plasma approximation. Set this n; equal to
the value in eqn. 72

ed ed <kUVD vik?

knT  kpT T2

> = w — wk,Vp — vk =0 (76)
w w

which is the dispersion relation for the drift waves. Notice that if &k, — 0 we
get ion acoustic waves, and if k. — 0 we get w = k, Vp, waves with phase speed
equal to the diamagnetic drift. These are the drift waves.

3.2 MHD analysis

We can analyze the same system with single fluid MHD. We do not have to use
the plasma approximation, as it is "built-in", but now we include a non-zero
current, carried by the electrons, in the initial state.

The single-fluid MHD equations are:

Momentum equation:

ot - v 4 o
p{%%—(ﬁ-V)ﬁ]:ij—VP @)
Ohm’s law: )
E+0xB=nj+—(ixB-VP.) (78)
en
Continuity equation:
9 -
Ep-l—v-(pﬁ):() (79)
Note that in the initial equilibrium we have:
- = - - Vp x B,
JoX By =Vp=j, = _vaX? = —MoeUp

i.e. the current is due to the electron’s diamagnetic drift.

Now perturb and linearize. Because n is not uniform, we assume n; o ng,
all other quantities are independent of « and proportional to exp [i (k. z + k,y)] .
For now, we neglect resistivity. Ohm’s law gives the velocity:

— — -

E=-V®, s0E=—ik®

y—component of Ohm’s law:

)

—iky® — v, B, = 0= v, = —ikyBT (80)
where we neglected the higher order terms.
x—component of Ohm’s law:
vy B, = 0 (81)
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and z—component

—ik,® =

P
(—ik,nikpT.) = n1 =n, =

82
en, kT, (82)

which is just the Boltzmann relation. To get v, we use the equation of motion.
The z— and y—components give the current.
x—component

. . 1 dn, . 1 . 1 dn,
—iWpPU, = ijOfnlk:BTen— - =y = = (zwpvz +n1kBTen— - > (83)

y—component

1
—iwpvy = — o Bo——tkynikpTe = j» = 5 (twpvy — ikynikpT,) = —iky%kBTe
o ()(84)
z—component
k,ni kT,
—twpv, = —ik,nikgT, = v, = Sz fBle (85)
wn, M
The continuity equation gives:
) d . ,
—wpy + == (Povz) + ikypovy + ik.p,v. =0
Substituting for the velocity components (80), (81) and (85), we have:
- ny 1dn, ) k. ny kT
—fw— 4 — —ik,— k,————=0 86
ano—'—nodr(ZyBO)—’—Z wne, M (86)
Now substitute in from eqn.82:
. ed . i% ed kT, k_ﬁ ed kgT, -
e, U dw kpT. \ eB, ) " Uw kg, M

or
2 2,2
w® —wkyVp — vkl =0

as before. (Remember that Vp, is negative.)

3.3 The instability

Inclusion of resistivity causes the electron density to deviate slightly from the
Boltzmann relation. The z—component of Ohm’s law becomes:

1

en,

kpTe .
—ik,® = nj, + — (—ik.nikpT,) = —ik,® (1 - ﬂB—) =nj,

n, ed
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Resistivity also produces a second-order correction to j, and j,, which we could
get from the equation of motion, but we don’t need those here. . Instead, we
use the equation of charge continuity plus the plasma approximation to get:

= 2 a]m . . . .
V-j=0= o +ikygy +ik.j.
Then using equations 83 and 84
0 oo 1 . 1 dn, . > m kgT,
— | —ik,=kpT, ky=— | — z kT m—— k, |—tk,y=|1— ===—— || =
81( ZyBa B >+Z yBO( Wwpvs +nikp o da?)+l [ ’ 77< n, ed 0
ny dno kBTc . /{JBTC 1 dTLO 2(1) ni /{JBTC
—ik,— —_— o=—k,v, + ik, —_——t k=l - ——] =
’ Yn, dr B, twn B, yUa T 1Ry B, n, dz + *n n, ed 0
The terms in &, cancel. Then using equation 80 we have:
M ) D ny kpTe
o=k, | —iky—=— ) +ki= (1 -———=) =0
“r B, y< Zy-Bo>+ Z77< n, ed >
which gives the density:
o ky\> Mn,
K R 1—inw [ =2 —o 87)
Mo ]CBT‘e k‘z Bg

—the Boltzmann relation with a correction proportional to n. As expected. 7
causes the electron density to lag (notice the ¢ indicating a phase shift of = /2).
Now we use the continuity equation (equation 86) again, eliminating n;.

ed E N\ Mn k2 kpT, e® 1 dn, (kpT
1 o _y o o vy e —k’ — o e :O
el | (k) B2 ( W > o Te g dz <_eBo>

1—i EEZM”"(?k”)/~cv—0 88
—mnw kz Bg W T RUg) — RyWVp = ( )
which is the new dispersion relation. Check that we get back eqn (13) as n — 0.
We look for a solution of the form w = w,. + ¢y and expect to find v < w, if
n is small. Then

w? x w? + 2w,y

and the dispersion relation becomes:

ky

> Mn
(w? + 2w,y — k2v?) [1 —in(w, +147) <k_> —_

B2 _ky(wr+i7)VD:0

Expanding, and keeping only first order terms, we have:

) . k,\ > Mn, .
(w? + 2w,y — kfvf) [1 — Nw, (t) o | ky(wr+iv)Vp = 0
, k,\> Mn, ) .
(w? — k2v?) |} — inw, <E§> 22 + 2w,y — ky (w, +i7) Vp = 0
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Real part:
(wf — kivf) —kyw,Vp =0

which is the same dispersion relation (76) that we obtained with n = 0.
Imaginary part:

k,\> Mn
2wy — (wf — kzvi) NWy <Z1> B2O —k,Vp =0
Solve for ~ :
2 2,2 k 2 Mn 2 (k 2 Mn
(w? = kZv?) nw, (?“z-) B kyVpnw, (ﬁ) 4a
’y = (<] — o

QWT — k'yVD QOJT — k‘yVD

where we used the dispersion relation for w, to simplify the expression in the
numerator. Then if k., < k,, w, = k,Vp, the denominator 2w, —k,Vp ~ k, Vp,

and we find:
k,\2 Mn k,\2 Mn
2 () Ao 2 ( By | MNo
7_77%(/{2) B2 =1 (kyVp) (k) B2

We can see that this equals Chen’s expression in equation 6-66 by noting that:

TNV e
'T} =
e3n,

Then:

2 2
mve; Mn, 2 (k Vei
) 2 Bg = (kyVD) (#)

k
= (k,Vp)* | =
7= (kyVp) (k e’n, » Qowe

z

as given by Chen.
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The diagram shows what is going on in this wave. Here  is in the y—direction.
Without resistivity, @ is in phase with n; and E = —ik® is 7/2 out of phase.
E is maximum V\Lhere_’nl is zero, and has the direction, shown. As the wave
propagates, the £ x B drift serves to move the particles so as to maintain the
wave. When there is a non-zero resistivity, the potential, and hence the field,
gets further out of phase and the drift moves particles that are already displaced
left further left, and the amplitude grows.

Here we have seen several dizerent techniques for analyzing stabilty. We’ll
see some more when we tackle Vlasov theory.
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