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1 A wave signal

An electromagnetic wave signal may be represented by a function of space and time
u(,t) where u might be one component of the electric field, for example. Then we can
write this function in terms of its Fourier transform:

(2711_)2 /11 - A(an) exp (ZE - T — iwt) dwdk
all w ang space

The dispersion relation for the wave gives a relation (such as eqn 12 in the plasma wave
notes) between w and k which allows us to write the integral in terms of k alone':

1 - - ~ -
u(@t) = —— / A(R) exp [zk: T —iw (k;) t} dk
(271') all k space
Now let’s simplify by putting the z—axis along the direction of propagation and letting
the whole problem be one-dimensional, so that u = u (x,t) . (We also lose two factors of

V2r)

u(Z,t) =

+oo
w(@t) = 2i Ak) exp ik — iw ()] dik )

us

Evaluating at ¢t = 0, we get

u(z,0) = % /+oo A(k) exp (tkx) dk

and it is tempting to invert this to get the Fourier amplitude A (k) (see 5 below). But there
is a second initial condition: % } +—o - S0 we have to take

—00

1 [t
Re o | A(k) exp [ikx — iw (k) t] dk
+o0
= % {A (k) exp [ikz — iw (k) t] + A(k)* exp [iw (k) t — ikz]} dk (2)

u(z,t)

—00

I Effectively, A (E, w) =A (k) 1) [w —w (E)] ,asin Lea Ch 7.



Now we let kK = —k in the second term.

u(x,t) = 1 { e A(k) exp [ikx —iw (k) t] dk — - A(=r)* exp [ikz + iw (—k) 1 d/{}
—+o0
= % | {AR) explika —iw (k) #] + A(=k)" exp [ikz +iw (k) 8]} dk 3)

w is an even function of &k because the dispersion relation does not depend on the forward or
backward direction of propagation. Then, evaluating at ¢ = 0, we get

(@, 0) k) + A(—E)*} exp (ikz) dk

1 1 “+o0
- ) A

Inverting the transform:

L [A(k)+ A(—=k)"] = L /+oo w(x,0) exp (—ikz) dw 4)
2V/21 V21 J oo ’
If A(—k) = A (k)" , then
+oo
A(k) :/ u( z,0) exp (—ikx) dx 4)

which we would have obtained by the naive approach. To make use of the second initial
condition, we take the time derivative of (3).

+o0
%u(m,t) = i {—iwA(k) exp [ikx — iw (k) t] + A (—k)" iw exp (—ikz + iwt)} dk
D @) = = [ i [A®) ~ A (k)" exp ko)
i@ = . iw exp (ikx

Inverting, we have:

W

—5 [AK) = A (=k)'] :/ P

Combining the two relations (4) and (6) to eliminate A (—k)”, we have

A(k) = /+°° <u(ac,0) - %%u(x,O)) exp (—ikz) dx @)

—00

(x,0) exp (—tkx) dz 6)

which is Jackson equation 7.91 modulo a factor of v/27. (This arises because [ started with
the transform over space and time, whereas J used the transform over space alone.) We
regain equation (5) if du/0t = 0 att = 0.



2 Gaussian Pulse

To simplify the algebra in this section, let’s assume %u(m,()) = 0. Generally the wave
is sent at a “carrier frequency” wg with a corresponding ko so that wy = w (kg) , and the
Fourier amplitude A (k) peaks at ko, For example, a Gaussian pulse with a carrier frequency
wo 18 written:
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Its transform is:
+oo $2
Ak) = / ug cos (kox) exp (?) exp (—ikz) dx
+oo U, ) ik x2 '
- [m 70 (e™For 4 e7™oT) exp <ﬁ> exp (—ikx) dx
+o0 2
_ W —i(k—ko)z —i(ko+k)z _
5 | [e +e } exp p dx )
So we have two integrals of identical form. To do each, we complete the square (see Lea
Example 7.2):
2 1|, . 9 (k—ko)a?\” (k—ko)a2\”
- —i(k—ko)zx = | +i(k—ko)a‘z+ (ZT> — <ZT)
1 [ [ a2 (k= ko) 1, )
= 7@ [(ZT+$ Jrz_la (k*ko)



Thus the first term in the integral (9) is:

2 +00 2 2
Ug a 2 1 [(.a*(k— ko)
< €XP (—4 (k — ko) ) [ exp l—az <172 +x

2 +oo+iy
= YWerp (az (k — kg)z) a exp (—v?) dv
2

dx

2
where we setv = zﬂk;—k“l + % = iy + x/a,and used the fact that the integral of the

Gaussian is independent of the path between £o0o. (See Lea Ch 7 pg 328.) To obtain the
second term we replace ko with —kg. Thus the result for A (k) is two Gaussians, centered at
k = £ko, and each of width 2/a.
U CL2 2 a2 2
A(k)= A1 (k) + Az (k) = \/7_ra7 {exp <Z (k — ko) > + exp (Z (k+ ko) >}
(10)

3 Group velocity

For a Gaussian pulse, the integral in (1) has two terms. To evauate the first term, we
write w (k) in a Taylor series centered at k.

dw 1 2 d2w
k) = ko) 2| Ak —k)? Y 4
w (k) = wo + (k — ko) ik k0+2(k 0) Jk2 k0+
Substituting w (k) into the expression for u (z, t) (1),
drop
oo A, (k) _ ) dw (k— k0)2 d*w

U1_[m 5 XP tka — it wo—i—(k—ko)%ko TW% dk
(11

and dropping the term in w”, we have:

o~

- T e
uy(a,t) ~ % exp | —i (wo — ko Z—: ) Ay (k) exp (zkx — ik %
ko -0

t| it
ko

[ dw 11 = _ dw
up(x,t) = exp|—i (wo — ko Tk ko) t | Ay (k) exp lzk (ac Uk o t) dk
[ dw ] dw
= exXp|—1 <W0 — ko E ko) t| X up ((L‘ — E . t,O) (12)

where we used eqn (1) again in the last step, with x — x — % } ko and t — 0.. Thus to



first order in the expansion of w (k) , u (, t) equals a phase factor e ~*? times u (z — v4t, 0)
that is, at time ¢ the signal looks like the pulse at ¢t = 0 translated at speed v, where

o

dk |,

is the group speed. The phase ¢ = (wo — vgko) t indicates that the carrier wave shifts
within the Gaussian envelope.

To evaluate the second integral we expand w (k) in a Taylor series centered at —kg, and
obtain the same result.

Vg

(13)

4 Pulse spreading

For some waves with d?w/dk? = 0, there is only a first order term in the Taylor series
for w (k). But for other waves the higher order terms produce corrections to the first order
result. Generally these terms lead to both spreading and distortion of the pulse shape. For
example, consider the Whistler (Plasmawaves notes eqn 34):

wy |w
k=22 |Z
c \Q
or
k2c?
SR
The group velocity for this wave is:
dw kc?
=— =20— 14
A T (19
and the second derivative is 2 )
Yo
Vg = T2 QQUJ% (15)

All further derivatives are zero. Thus from (11), the exact expression for « in this case is:

i)

u(z,t) = exp lz (wo — ko j_k

1 [t , dw (k—ko)? dPw
% . A(k)exp llk <1’ % . t) *ZT W

t| dk
ko

u(z,t) = exp|—i (wokofl—k

w
t] x
!
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— / A(k) exp {zk (x —vgt) — 5 (k2 — 2kko + kg) U;t] dk
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[ . k(Q)U; 1 too . / i 2./
= exp |—i [ wo — kovg + t| — A(k) exp |ik (x + kovgt — Ugt) — §k: vgt| dk
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where v, and ”U; are given by equations (14) and (15) with k = k.



Now if we use the Gaussian pulse (10) as an example, we get:

k2 ! 1
u(z,t) = exp [z (wo — kovg + 02119) t] —1I (16)

2

where

+oo exp (—% (k — ko)? i
I= ﬁ/ Sl < 4 2( 0) 2 exp {zk: (z + kovyt — vgt) — EkQU’gt dk
o 2 | +exp (—“I (k + ko) ) 2

Again there are two terms, differing only in the sign of kg in the Gaussian, and we evaluate
these using the Taylor series about +kg.

I = ﬁCLUO (I+ + I_)

2
Looking at the first term:
_ [ (K — Dbk + K2) + ik (& + o NI
I, = e _Z( — 2kko + kg) + ik (z + ovgt—vgt)—§ gt
a’k3 Foo 5 [a® i _ koa?
= exp(— 1 >/_OO exp{—k: (Z+§U;t) —i—k{z(w-ﬁ—kov;t—vgt)—i- 5 }} dk

To simplify the notation, we let s = = — v,t and vyt = aa?. Then the argument of the
exponential in the integrand is:

2 ; k 2

—k? (% + %aa2> +k [z (s + k’oaaz) + O; }

a? _ 9 2is
= —Z(l-i-QZOz){k +2k|:ko+m:|}

Completing the square, the term in curly brackets is
2is 2is 2 2is 2
B2k |+ k ——+ k| - | 5= +Fk
* [a2 1+ 2ia) 0] * {a? 1+ 2ia) 0} [aQ 1+ 2ia) 0}
2is 2 2is 2
= |k+—F——+k| — |5 +Fk
[ T2 (14 2ic) * 0} [az (1+2ia) + 0}

We can do the integral by making the change of variable:

a _ 2ts
= 5\/1-1—2104 |:k+m +/€0]
Then:

a’k? a? 2is 2 2 tootiy
Iy =exp (220 L 1+2i0) |2 k| S -4
TP < 1 > eXp{ g (1+2%0) [aﬂ 1+ 2ia) 0] av/I T 2ia /oom &

where the path of integration is again moved off the real axis, but the result is still \/7r. Thus:

2/ a’k? s _ k3a? .
I, = —2YT  op! % ko + 0% (142 17
* a\/1+2meXp{ T @t Tkt T (i Zia) e (7)
2\/m ox 57 (1 —2ia)
oIt 2ia P\ (1 +4a2)

+isko + %akgaz} (18)



And the argument of the exponential in u (16) is:

O s D=
= i (—wot + kox) — %
= i(koz —wot) — — (1i 1a2) TR (ﬁiiszaz)
Thus
u(z,t) = \/E%% exp [i (kox — wot)] exp [_ﬁjéloﬂ)} X
exp {z’aGQ (12540[2)} a\/i\i—%ia + (ko — —ko)

_ ug exp [i (kox — wot)] o (z— vgt)2
2 a+ 4a2)1/4
We may interpret this expression as folows:

e Initial wave form at frequency wq. This is the carrier.
e Envelope peaks at x = v,4t due to its travelling at the group speed.

e Envelope spread by factor v/1 4 4a? where a = v/t/a?

e Amplitude decreased by a similar factor (1 + 4a2) 4

e Opverall phase factor

252 tan™! (2a)
O SIPE) R

approximately proportional to v o< t.

At large times the pulse width grows roughly linearly with time. a (t) ~ 2a (0) a =
2vyt/a (0) . Notice that (19) gives the correct result (8) at ¢ = 0.

5 Arrival of a signal

The previous analysis shows the shape of the signal over all space as a function of time.
But this is not usually what we observe. Let us now consider a signal generated at x = 0
over a period of time. We want to see what kind of a signal arrives at a distant point x = X
as a function of time. So instead of using the dispersion relation in the form w (k) we instead
think of it as k (w) . Then:

“+oo
w(zt) = \/% L Aw) exp [ik (@) 2 — iwt] dov

where in general k(w) is complex.
As we have seen, A (w) is usually a smooth function, somewhat peaked around the



carrier frequency wg. The exponential oscillates, so it tends to make the value of the integral
small. However, when the exponent stays almost constant over a range of w, we will have a
subtantial contribution to the integral. This happens when the phase is stationary. (See Lea
Optional Topic D section 2)

d

- k(w)z—wt] = 0
dk
x% -t =0
or J
T = —wt:vgt (20)

Thus the major contribution to the integral is from the frequency that, at time ¢, has its group
speed equal to /t. Put another way, the signal at that frequency, travelling at the group
speed, has just reached the observation point.

To find the received signal, we must evaluate the integral. Again we expand k (w) in a
Taylor series, this time about the stationary frequency. as determined by equation (20).

dk 1 o d?k
k(w)—k:s—i—(w—ws)—dw ws+§(w—ws) ] ws_|_...
where ks = k (wy) , giving
1t dk (w—ws)® d?k
t) = — A ] s —Wwg) — - 7 . — 1
u(z,t) o /_oo (w) exp {z ks + (w—ws) i, 5 72 N + T —iwt » dw
Now use the stationary phase condition (20):
1 oo ws 1 o d2k
= — A ks — — 4+ = (w—ws) —= .
u(x,t) o /_OO (w) exp {z lk o, + 5 (w—ws) T N + ”Ugt} dw

Since the exponential guarantees that only frequencies near w, contribute, we may pull out
the slowly varying amplitude, as well as the terms in the exponential that are independent of
w:

A(ws) _ oo i g d?k
u(w,t) ~ Jon exp [i (ksvg — ws) ] [m exp |5 (w—ws) 2 vgt| dw
To do the integral, change variables to:
—i d?k k| vyt
_ . _v B h _ —im/4 . wh Yg*
£=(w—ws) 2 @, vgt =€ (w—ws) e
Then
+oo ; A2k in/4 +ooiy
I = / exp li (w —ws)2 T vgt] dw = 62—/ 6_£2d§
—0 2 W . R = o, Vgt /ooy
2m in
= 2k e/t
o7 |, Vgt




and so, incorporating the result (20), we have

u(z,t) = %C‘T) exp [z (ks — wst) + z%} (1)
m Ws

Again we see the carrier wave, modulated by an envelope that changes in time, and with an
additional phase change. (Remember that wy is a function of time.)

To see how this works out, again look at the whistler. The stationary phase condition is
(equations 14 and 20)

k 2 2
ro= 20 =22 /20y
w; c \Q w;
Vw)
= 2 d ct
Wp
and thus
w? 22
Wy = —
Q 4c2t2

which decreases from a large value toward zero as ¢ increases. For this wave the signal (21)
is given by:

 A(F 15) : T
u(x,t) = QQw—%Tt exp [z (ksvg —ws)t + ZZ]

= S 2
wp V@ (Q4czt2

If A is a Gaussian as in (10), then

2
c /29 w2 g2 , K
u(z,t) = w_p ?AO exp |—n (51’ 1aE w()) exp {z (ksvg —ws)t + ZZ]

where 1) is a constant.

) exp [z (ksvg —wg)t + z%}

At fixed x, we get something like this:

A__

ct/x

The signal grows from zero to an asymptotic value, until the analysis breaks down at low



frequency (large t). (Remember: we neglected ion motion in getting the dispersion relation.)
Here’s another way to look at it. Consider the plasma waves (Plasmawave notes eqn 12):

2

Ak =w? — Wy,

For this wave

202k;l—k = 2w
w
cﬁ - w — w/wp
2
N R

which looks like this:

The stationary phase condition is
ct dk

— = c—

x dw

There is no signal at a fixed x = x prior to ¢t = ty = x(/c. The signal begins at infinite
frequency, and moves to lower frequency as time increases, asymptotically reaching w,,.
The horizontal line in the graph represents ct/x = 2 and the intersection of the two lines is
the observed frequency at this time.

For a more complicated dispersion relation, the signal can be more complicated.
Consider the RHC wave propagated along B. (Plasmawave notes eqn 28 with the minus
sign.) Then:

2
212 = 2o ¥
w—Q
202kﬁ = 2w-— wf, + wf,w
dw w—0 (wfg))Q
w2 w
= uw— —2L 1—
v w—Q( w—Q)
2
= 2w+ prQ
(w—9Q)
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and thus:

cd—k = i w—i—l—w’z’g
dw — ck 2 (w-0)°

= _— + -—
1- sty l 2o -

Now let w),/Q = y and w/2 = z Then

dk 1 1 y?
Y i A
dw 1_ v 22(z-1)

As t increases we first obtain a signal at one frequency (dashed line) and later at 3
frequencies, two decreasing and one increasing (solid line) .
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