Multipole Fiedsl|

1 Solution of Helmholtz equation in spherical coordinates
We want to find exact solutions of the wave equation
V2 (@h) — 5= =

where ¢ may be the electric potential ®,0or a component of A, £, or B outside the source

region. Taking the Fourier time transform, we obtain the Hel mholtz equation:
(V24 k%) ¢ (Fw) =0

In spherical coords, we have:

10 0 OU 2 2.
r2 Or (T 8r)+va”gw+kw_0

This equation is very similar to L aplace’s equation, differing only by the termin k2. We
solveit similarly, by separating variables. The solutions are of the form:

U= fim () Yim (0, 0)
Im

where the functions f;,,, satisfy the equation:

Pfoo2df . LI+1)
-t S C—— = 1
dr2+rdr+kf r2 f=0 @
where it
+
vgngflmyvlm = - 2 fl’m,lem

Equation (1) showsthat f;,, will depend on [ but not on m, so henceforth we shall call it f;.

Now let
u ()

T) =
Then
le uy i 1 dul
dr 2r3/2 ° pl/2 gy
and
d2f Sul 1 dul 1 d2ul

drz T 45/t 32 g + r1/2 dr2
Thus equation (1) becomes:
3uy 1 duy 1 dPuy 2 U 1 du 2 T+ 1)] u(r)
4r5/2  p3/2 gp T pl/2 gp? + 7\ 2r3/2 + r1/2 dr R
1 d*y 1 du 2 LI+ 1)+ 1/4] u; (r)
ri/2 dr2 = ¢3/2 dr + B
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Now we multiply by /r to get:

afzul ldul l+;2
= FICRL

r

whichis Bessel’s equation with v = [ + 1/2. Thus the solutions for f; are of the form

JlJrl :2
r

These arethe spherical Bessel functions:

gi(z) = \/EJM/2 ()
2 \;x

The other Bessel functions are defined similarly. Thus:

. 7TNl+1/2(l’)
m@) =g

7T .
B (@) = 5 (i (@) £ NGy (@)
= ji(z)Lting (z)
The hs are particularly useful sincethey have wave-like behavior at large argument:

WY (2) ~ (i) = forz > |
) T
The j; arewell behaved at both small and |arge arguments:

l

jl(x)ﬁm forz <« 1,1

-
PR i) P

2 The Green’s function

Next we expand the Green’s function for the Helmholtz equation in these eigenfunctions.
The appropriate equation is

(V2 + k2) Gz, ,w)=—-0(Z—-7)
Expanding G in spherical harmonics, we have:

G (T, 7, w) =Y g (r,r")Yim (0,0) Vi, (¢0/,¢)
Im
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Stuffing in:
d d L (1 ;o o o(r—r' ’ /
Zi—<r2ﬁ>+[k2 —M} 0V (0,6) Ve, (01,0') = 6 (7 — ) = 25 (4= )5 (6 - )

- r2 dr dr 72
Now multiply both sides by Y;* (6,¢) and integrate over the angles. We get
1d ngl 2 Z(l+1) * AV 6(T_Tl) * 1o
—— (= B — ——t| g Yy, (0,¢)) = ————=Y;%, (6
7"2d7’<r dT>+|: 7‘2 g lm( 7(25) 7’2 lm( a¢)
so theequation for g; is:
1d ( 2@) N {kQ_ l(l—l—l)} =1
r2dr \\ dr r2 9= r2
Forr < r’ weneed asolution finiteat r = 0 : the 7;. We want an outgoing wave at infinity,
so we choose hl(l)in theregionr > r’. Then by the symmetry of the Green’s function, we
get:
g1 (ryr') = Augi (kr ) B (krs)
Next we multiply by 2 and integrate across the boundary at r = ' :
r’+e
=1

T —&

2491

Tdr

1
Ky (B (') i Gk = 3 (k') Y (k') ) = ——=

The term in parentheses on theleft hand sideis the Wronskian of the two solutions j; and
hl( D Using the large argument form of these functions, we get:

woo— (7i)z+1£ (Z - l) sin (z —1%) B (7i)l+1£

x x €T x x xZ

cos (ac — l%) sin (I — ZIQL) ]

- 7 ( [Z sin (o 12) - 2] _ o (pZ) 4 S22 1E) D

. A +1 . .
_ (_.)z+1£( 6_1(38_1-5-)) _ (=) (=) _ (—1)l+2 2+ _ (_1)l(_1)lz
x? 22 x? x?
1
T
Thus . )
1
hA— = ——
(k') (r)
and so
k.
Al = == ik
and thus '
L eikR ) ' 1 . .
G (@ d") = 7= =ik i (kro) by (k) Yim (0,6) Yir, (0/,6) @
l,m
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3 Solution to the vector Helmholtz equation
The equation satisfied by the electric and magnetic fields is:
(V2 +k2) E=0
In any coordinate system other than Cartesian, we cannot separate this equation into

components because the unit vectors are not constants. Thus we need to find a scalar
quantity that satisfiesthe Helmholtz equation. Let’sinvestigate

V(7 E) = 00" B =0, ((0'r) B+ 0 )
= (0,0'r;) BV + (9'r;) O;FE7 + (9yr;) (O'E7) +1r;0,0'EY
= 0+050;E +6;0'E) + r;V*E’
= Z(ﬁ'E)JrWVQE
But outside the source, V - E=0, and so
V2 (7 B) =7 V2

el

Thus we have
(V2 + ) (7 B) = 7 (V2 + ) E=0
and thus 7 - E is the scalar quantity we need.
Notice we can do the same thing with 3, since V - B = 0 always. The solutionsfor
7- E and 7- B will thus be of the form:
o 1(1+1)

E= % g1 (k‘?”) Yim (07¢)

where the constant —ﬂl,%ll has been inserted for future convenience, and the function g,
must be a combination of the spherical Bessel functions, for example

g = AR (k) + APRP) (k)

Then the corresponding B will be given by:
. 1= -, 1~ -
B=—— E== E
kV X ik:v X

We can borrow some ideas from quantum mechanics. The angular momentum operator
is:

Ij:l_Fxﬁ
and itseigenfunctions arethe Y},,,. Notice thaZI
7 [=0
Then L o ) N
kF-B:—f-(VxE):T FxV)-E:L-E 3)

Thus we may define the fol Iov&i ng e genf unctionéfor the problem:



The electric or transverse magnetic mode has B purely tangential:

BE = HE g e vi 0.0
7B = 0
The magnetic or transverse electric mode has E purely tangential:
B = g (k) Yi 0,9)
7EM = 0
Thus from equation (3),
LB =1+ 1) g0 (kr) Yo (6,9) @

4 Properties of L

7xV

S

1
= = {X (y0. — 20y) +§ (20, —20.) + 2 (20y —ys)}

Now we want to write everything in spherical coordinaes while keeping the Cartesian
components:

5

= axi )
Veatesan = _jiajspheri ca
8$cart
( sin @ cos ¢ cos 0Tcos o3 - Tsiri;d)‘)
= sin 9 sin ¢ COS E’Tsln 2 Tc(s)is,nge Vspmricd
\ cosf 7¥ /
Thus
0 0si
iL, = rsinfsing <cos 60, — &89) —rcosf (sin0 sin ¢0, + o8 Slnd)a@ + CO.S ¢ 8¢>
r r rsin 6
= —sin¢dy — cospcot 0,
0 i inf
iL, = rcosf <sin9 cos ¢p0, — SLERAT ¢80 — SH,1¢ 3¢> —rsinfcos¢ <cos 00, — i
) 7 sin @
= cos ¢pdy — cot 0 sin pOy
0
iL, = rsinfcosg <Sin9 sin ¢0,. + SRR d)ag + CO.Sd) 5¢>
T rsinf

rsin

—rsinf sin ¢ (sin9 cos ¢0, + S GCOSQSE)Q _sm¢ 8¢) =0y
r



L isvery nice. We can form linear combinations of L, and L, that ook almost &s nice:

Li = Ly+il,
1
= (—sin ¢pdy — cospcot B0y £ i (cos pdy — cot @ sin ¢dy))

i
= (£ cos ¢y + isin ¢pdy + i cos ¢ cot 80, F cot § sin ddy)
e*1? (+£0p + i cot 09,

Then

&~
i
I

L2+ L2+ L2
= — (sin@dy + cos¢ cot 004)* — (cos pdy — cot O sin pdy,)* — 8;
= —0; —sin ¢ cos ¢y cot 005 — cos® ¢ cot 09y — cos? ¢ cot? 9855
+ cos ¢ sin ¢y cot 09, — cot f sin #* 9y — cot® Osin? (;5(942) — 835
= —8; —cotfdy — (cot® 0 +1) 8;
1
sin? 4

— 1 : 2
= —mag (sm 989) - Qb (5)

whichis the angular part of V2. Thus:
LQYFlm =1 (l + 1)lem

We also have
LZYZ’m - mX/Im

5 Complete solution for E.

Suppose L
E = Lgl (l{}T‘) lem (07 d))
Then
L-E = gL*Yp =1(1+1)gYim
whichis exactly what we need (cf equation 4). Thusthe solutions are:
Magnetic or transverse electric modes:

E_;l(:r\f) = (k?") f/}/lm (95 ¢)
— Z - — y
By = *EV x Egp) (6)
and
Electric or transverse magnetic modes:
B = gi(kr)LYim (6,9)
~(E i= =B
El(m) = Zv x Bl(m) (7)



Now we define the vector spherical harmonics:

Xim = —m===LYim,

so that v
E[(»m ) =g (k‘T) Xl’m
which are the gopropriate eigenfunctions for the problem.
Combining the modes we get the general solution:

E = %ﬂ: [aM (L,m) gi (k) Xim +%aE (L.m)V x f; (kr) )Zlm}
B = Z |:aE (lv m) fl (kT) le - %a]ﬂ (lm) 6 X g (k‘”f‘) lej| (8)

lym

6 Finding the coefficients

Note that, since 7+ X, = 0,then

7. g = Z —%CLJ\,{ (lm)F 6 X (gl (kT)XIm)

l,m

5 oy (7 (T (75 9) v (7 9) )

But Vg, isinthe # direction, andso Vg, x (Fx ﬁ) Y, isperpendicular to £, and so its dot
product with 7iszero. Also:

iVxL = Vx(FxV)=0; (r'o)) o (r;0)
= 80" +r'V? =30 — ;00 = —'V? =20 — ;00

and
V(1+7V) = 0 (1+0,09) =0 + 6,07 + ;00
= 20" +7r;0'0
Thus: Thus: L . .
iV x [=V? =V (1 s v) ©)



=
o]
I

zm §7l(l+1 (k) 7+ (¥ (7% V) Vi)

- g PR
- %ﬂ;_k A (l+1)aM (I.m) gi (kr) (rQVQ—f.ﬁ(l_i_F.@) Ylm)

But Y}, isindependent of r, so 7 - ﬁYlm = 0, and we already know V?Y7,,,:

L [+1
r-B = gl k"f’) _( s ))/lm
l m l + 1 r?
l 1
- Z NIUED ) g (k) Yo (10)

Then using the orthogonal |ty of the Y7,,,,we have:
(11)

an (L.m) gi (kr) = ﬁ/f BY};,dQ

Similarly we find:
& (Lm) fi (kr) m / EY; dQ
7 Properties of the fields

7.1  The near zone

For kr < 1, we may use the small argument expansion of the Bessel functions:

g1~ (kr)!
while ( "
20 — 1!
ng~ —T
Thus both hs behavelike ns for kr < 1. Then for the dectric mode we have:
n(E "Ylm ( ¢)
Bl(m) L ,rl-i,-l
o ‘ ) Yim (0,¢)
o (E) (R =102) o 7lim
E, =-=VxB,’ =-=VxL———= ]
and using equation (9) we may write the electric field as:
o (E) 2 Yim (9 ¢))
E, =- [FV (1+ V)}T



The first termis zero because —Y“;‘,%ﬁ isasolution of Laplace’sequation. Thus:

=) lo L =) Yim (6, 9)

By = 29 (147 V)=
1 Y (0,

— —V(l—(l+1))M

ol

rlt+1

l = iflm (67 ¢)
7Ev ri+l

Now Xl—f%ﬂ is a solution of Laplace’s equation and thus represents an electrostatic
potential: it is a static multipole potential, and its gradient therefore represents a static
multipole field. Thus in the near zone the electric mode isa static electric multipole fied
that oscillates in time (because of the e~ ** factor that multiplies E (k)). Thisistheorigin
of the name “electric” for this mode. Similarly, the magnetic field in the magnetic mode has
astatic multipole character in the near zone.

7.2 The far zone
When kr > 1 wemay expand the Bessel functions using the large argument expansion.

ikr
WY (kr) ~ (—i) T ==

kr
and so "
5(2) a1 € e
B~ (= —LY,,
tm (=4) kr !
and
NER! 1kr
= (B) N Gt A
Elm ~ ? k V x kr Lan

42 _ ptkr ikr _
= *( Z) (Ve_XLY'Z’m + e_v X L}/l'rn>
T T
B (7i)l etk (
T Tk ¢

where we used equation (9). Again¥ - VY},,, = 0. and so dropping terms of order 1/kr, we
have:

ZIE;] xLYim +71. [fVQ -V (1 y 6)} Yl)

_ s U ikr R ~ ~
B - e (z‘k x LYy, + — - V} Yl)
m k T ik
Bath terms in the square brackets are of order 1/kr copmared with the first term, and so we
drop them. Then:

1 [Fl(l+1)

r2

ikr
El(i) = - (_i)l+1 ekT_ IA{ X LYlm
—kxBY (12)

and thefield is aradiation field.



8 Orthogonality of the X,
Our next task isto demonstrae that the X, ae orthogonal, that is
/ le . sz/m/dQ = (5ll’(5mm’ (13)
sphere
The first step is to evaluate X, isterms of the Y7,,.
Ly +L_ Ly —L_
+ } Ly [ +

1 ~ 1
NI N AT <X{ 2 2

Soweneed to evaluate L, Y}, and L_Y},,.

Xl m

} + iLz) Yim

LyY;,, = e (£09 + i cot 004) Y,

20+1 (- m)' 2 . m im

= yy S(mei ? (£0p + icot09,) P (cosf) e™?
2+ 11 —m)! " i(m

= . Trn)!(iag—mcot@)Pl (cos §) ' (mEL?

Now
m . I‘L m
(£0p — mcot @) P/™ (cos) = (q: sin 60, — mm) P (1)

— (F (1L =) P (1) = mu P (1))

But from the m-raising and m— lowering recursion rel ations for the Legendre functions (eg
Problem 8.16 pg 431in Lea'),

(L= @) P () = —muP" —/1— p2P"
= muplm+(1+m) (I—m+1) \mairl—l

and thus:
1
(+0p —meot0) P (cos0) = = (= (1= p2) P"' (1) = mpPy" (1))
1 m m m
= = (\/1—M2Pz Lt mpP — muP (u))
1
_ L Ao pn
sin 6
and so
2041 (—m)! )
L Y"L _ o o) Pm+1 i(m+1)¢
o 47 (I+m)! ! ¢

(l—m)! (I+m+1)!
L.y, = Y
i \/(l+m)! (l—m— 1) bt

1 Note thereis some disagreement in the literature as to the definition of ™. My choice isthe same &5
Jackson’s. Someavthors (eg Butkov) have a definition that differs by a factor (—1)™.
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LYy = \/(l - m) (l +m+ 1)}/l,m+1

Similaly
1
(=09 — mcot0) P/™ (cos) = e (+ (1 — At?') P () — mpP™ ()
1
= (P + () (=m0 + ) VT 2R =B (1))
= (I+m)(l-m+1)P""
and thus
2041 (—m)! m—1 i(m—1)¢
L Y, < _(H—m)! (I+m)(l—m+1)P" e
. 2l +1 (Z—m+1)' m—1_i(m—1)¢
= \/ — (l—m+1)(l+m71)!(l+m)(l+m)(l m+1)P" e

(l+m)(l—m+1)
V(I=m+1)(1+m)

The quantity in the square root may be put ina nicer form:
I+m)(l—m+D)=P+1-m*+m=1(1+1)—m(m-1)

}/l,mfl = \/(Z + m) (l —m-+ 1)Yl,m71

Thus
L—nm = \/l (l + 1) —m (m - ]-)Yz,m—l
and similarly
L+§/l'm = \/l (l + 1) -—m (m + 1)Y2,m+1
Then:
Xim = 1 (g [ﬂ} +¥ [ﬁ} +2Lz> Yim
I(l+1) 2 2i
_ 1 < 21U+ —m(m+ )Y i1 (R—i9) >(14)
I+ 1)\ 3/ 1) —m(m = 1)Y 1 (R +09) + mYi, 2
Now note that:
(§<+iy> (xzy) _Xx-yy
2 2 N 4 N
and similarly

»
_|_
~.
<>
N——

Then the orthogonality integrd becomes:

X - X}, rdS)

sphere

1 [ \/l(l—|—1)—m(m+1)\/l’(l’+1)—m’(m’—i—l)Y]ﬂmﬁ_lY?murl
- 2”—1/ I+ —mm—DVT U+ 1) = (m = DY 1Yy | A2
( + ) sph L +2mm/y*lm1/2*/ J

m

11



1

X X dQ = =TI+ 1) —m (m + 1)+ 1(I+1) —m (m — 1) +2m>] 611 6y
sphere 21 (l + 1)
= mZZ (l + 1) 010 mm’ = 011/ Omm/
where we used the orthogonality of theYy,, .
Also
)?;‘,m,-(fx )‘élm) a0 = — <—1,F>< ﬁnfm,>- (Fx [ifx ﬁlf,mD o
sphere ! (l + 1) sphere g ¢
where
7 [Fx ﬁflm} - F(F-ﬁmm,> —2Y, = =12V Y,
Thus:
-, = -1 R -
spmeX”"”’ (7 % Kim ) d2 = TSy /Sphere (7 V) - (-r*VYim) d2
Now
V x (FYji, ) = VYi  x P+ YV x 7
and V x 7=0,s0:
S . N r2 = . =
Ko (r x X,m) a9 = 77T Sphere( VX (7Y ,)) - VY A2
And

Vo (axb) =5 (Vxa)-a (Vi)
sotaking @ = VY, and b = 7Y}, wehave V x @ = 0,and then

i /Serev“-(ﬁylmxmfm,) a0

Xi (Fx X’lm) a0 =

phere
Then
T2 o o 1 o N
/ X (Fx le) AQdr = V. (vylm x FYlm) av
r1 sphere ! (l + 1) spherical shell
1

. & (VY X 7Yj5,, ) dA
LI+ 1) Jopherica shel ( : >

Herethe integrand is zero, because ﬁmm is tangential, and therefore so is ﬁYlm x 7, and
thusits dot product with i iszero. Thus the volumeintegral is zero for arbitrary values of 7,
and r5. So we must conclude that

X (? X le) Q=0 (15)
gphere

Finally

/S - (Fx )Zl) ~(F x X’l) 0 = /

[ﬁ)?lm Xy - (F~ X}) (F~ )Z;tm/)} 0
phere

(16)
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The last term isidentically zero, and so:

/ (FX le) . (7:' X X;/m/) dQ - r26ll’6mm/ (17)
phere

9 Energy and power
The time-averaged energy density in the fields is
1 ~  ~ % ~ ~ %
u—E(EE +B-B )
and so the energy contained in aspherical shell of thickness dr is:
du = rdr / udQ

r2dr S { = <
= — /dglz [aM (ILm) g, (kr)le—f—%aE (IL,m)Vxf (kr) X,

IS_I

> [aM (1',m) gy (ki) Xyrr + %aE (I',m') Vx fir (kr) Xl,m,] + (B terms)

U,m’
To simplify, note that
of

6><fl (k:'r) Xl'm = EA X Xl'm + fe X Xl'm
of . f U .
= &ersz ,\/—ZT[rV —V<1+r~V)}Y
T <
= —LEx X, \/T(rVQ V) Yim

In the far zone, kr > 1, %Tf- ~ ik f whilethetermsin gradientsof Y;,,, are of order f/r and
are therefore smaller by afactor of 1/kr. Weignore these terms. Then:

r2dr ~ i ) -
dU = Ton /dQ lz [GM (l,m) gi (kr) Xym + EGE (I,m) Efl (kr)F x le} .

*

Z [aM (' ,m"y gir (k) Xyrr +

’

kaE (l m ) ifl’ (k'l”) r X Xl’m’:|

U'm
and we make use of the orthogonality integrals to get:

JU — rdr

S s (L) (k)P +\ZaE (m) 2 k)

L,m

Now in the radiation zone,

+ (B terms)

ikr
I+1 6

g~ fi~(—1) g

and so



and

Thus the energy is:

dr 2 2
U = === lzn; lans (1Lm)[* + lag (1, m)]

where the change from the factor 16 to 8 takes into account the equal contribution from the
magnetic field.
The total time-averaged power radiated is

Pecg 5 o ()P + o () (18)
To find the angular distribution of power radiated, we start with:
< Lo Le|BxB =R B
o | S 0 [anr (m) K — ap 1) x K|

, . T (19)
ST | 52 i [ (') R — a (1) 8 % K|
where we have used the large argument approximation to the (Y. Note we must include
the factor i'*! to be sure we add the different spherical harmonics correctly. The electric
and magnetic multipoles for a given [, m have the same angular dependence but different
pol ari zations.
For asingle multipole of order (I, m) we have:
dP(l,m) ¢
dQ ~ 8mk?

- 2
(Joae 1) 2 [o [+ e 1)

H:CL]\/[ (l,m)le — ag (l,m) T X le} . [(IM (l,m) le —ag (l,m) T X le:| ‘

- 2
87;2 # % le‘ >
C ~
= = (Jlaar Cm)P + fag (.m)P) |Kire

2

_ 2 ~ 2
where we used the fact that | x X;,,,| = ’X,m (see equation 16).

~ 2
We can use equation (14) to write ‘le’ in terms of the angles.

Il+1) —m(m—1)

= 2 1 l(l+1)—m(m+1) 2 2 2 2
X m = Y.m Y, m— Ym
X l(z+1)( - Yimal® + - Yo | +m? Vi
L(l+1)—m(m+1) (—m—1)! m+1)2
R ( o +)El+m+1§!2(Pz+) + )
- 1(1+1)—m(m—1) (l—m-+1)! m—1 l—m)! m\2
4l (l + 1) 2 (I+m—1)! (Pl ) +m? (I+m)! (JDI )

The first few values are:
Dipoe: [ =1

14



m = +1
= |2 3 (2, 5 1, .2\
X = =—-=(P - (P
11 87T (2( 1) +2( 1))
3 in? 3 1 —cos?6
= 87{“1117}87{9*—2

= % (C0829+ 1)

.08 -06 04 -02 9
-027

02 04 06 08

-0.47

Quadrupole: [ = 2

15



m=1

Xa1

2

5

2 5 6 o2 5
Xa| = g ) T

8T

( —3sin 0c089)2

15 15
— sin? 6 cos? § = —sin? 26
327

1(6-215 , 65
- ——_—intl 4+ =
G 2 3271 2 167

) 40 _ ‘9 1
(4 coS 9 3 cos )

1
(3 cos’ 6 — 1)2 + —5 sin” 0 cos” 9)
8

2

167

2 T 115
‘ ( _gsm2900526+ 41—65511“49)

6
_ 5 (1— cos* 0)

16



If we have asourcewith a,, (1) independent of m then

Z T {CLM (l/) X[/m/

U'm

*

dP c . S
a0 k2 Z (_Z)l+l anm () Xim -
Im

TR

c N * S S
= o S an Wan )Y X - X

IR m,m’

If the modes superpose incoherently, the expression simplifies:

+1
(=) an () Y Xim

m=—I
C 2 H = 2
= ==l OF Y |Kim|
l

m=—1

c 20+ 1
= D lan (O
l

2
. e
aQ ~ 8wk?

8mk? 4

(cf equation 3.69) and theradiation is isotropic. Thisisusudly the case in atomic systems.

The total power radiated isgiven by theintegra of (19) over solid angle. Because of the
orhogonality of the X, the interference terms do not contribute and we regain equation
(18).

10 Angular momentum

The angular momentum density is

ﬁq:fxf):?lc(fx (ExB))

17



and taking the time average, we get

< m >:8L Re (i‘x (E X ]~3*>>

- (B (i B) B (iB))
where we used equation (3) and its equivalent for ¥ - E. For the dectric modes the first term
is zero and for the magnetic modes the second termis zero.
Let’s investigate this expression for the magnetic modes. Using equations (10) and (8),
we get

- 1 VI +1 -
<m >:87rkc (l%:, (k )CLM (', m') gv (kr) Yl/m,> % [aM (L,m) g, (kr) le}
and the total angular momentum in a spherical shell betweenr and r + dris:

r dr VI +1)
dM Z Z

EI(1+1)

M (l/am/)g;(’ (k?”) giap (l,m) / (E}/lm) }/l’m'dQ
Now we usethe expression we derived for LY},,, inequation (14)
- « I(1+1) — + 1Y g () + )
/(LYzm) Yz’m'dQZ—// VI )—m(m+1)Y, +A1 ( = ) \ Yo, d)
\ \/l (l + 1) -—m (m - 1)le,m—l (Egﬂ) + mYZmZ }

Thus we get contributionsonly for I = I’ and m’ = m — 1, m, orm + 1.
\/l (l+1)—m(m+1) (&2—72> Omt1,m/+ -‘

e

and thus

1) 5(_—;1&) 5m+1,m/+ -I

[ IO+ —m(

AN = et
- | VITFD —m(m—1) (552) bt + M |

dr *
87T]fc Relz anm (l7 m) apnr (lvml) ‘fl (kr)‘Q

In the radiation zore, |f; (kr)|* ﬁ

dr VIi+1) — m+1)aM(lm+1) )
dM, = (1,
167Tk30ReZaM m) (—I—\/l (I+1)—m(m—1)ap (I,m—1)

lm

ImZaM(Lm)*( \/l(l+1)_m(m+1)aM(l,m+1) )
lym

RTIER VIl +1) —m(m —1)apn (I,m —1)

dr 2
M. = === lz:m laas (1, m)]|
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and comparing with equation (18), we find that for asingle multipole

dM, mdU

Tdr  wdr
suggesting that the radiation from an (I, m) multipole carries off mf units of z—component
of angular momentum per photon of energy 7iw. Thisis consistent with the quantum
mechanical interpretation. However the x and y—components are more complicated. See
Jackson for amore extensive discussion.

11 Connection with sources

We have already noted that the coefficients ar and a,, are determined by the radial
components of E and B evaluated on some spherical surface. Now we want to re ate these
quantities to the properties of the sources - the charges and currents. (See Jackson for the
additional sources of magnetization.)

As usual we Fourier transform all physical quantities:

- 1 / - )
X, t)= Xw)e “dw
p(X,t) Wor p(X,w)
Now we define a new field-like quartity
-~ 47i-~
F = E+—1J
w
so that
_ - o~ - AW~ -~ = =~ 4mi - .
V F=V E+—V . J=V Bt— (iwp) = V-E — dnp =0
w w

where we used charge continuity to replace V - J with iwp. Outside the source, F = E.
Now A A

V xF =V x B+—V x J =ikB+—V x J
w w

and A i
U BoTI SR~ ik <E+ﬂj) _ i
C C w
Now we find the wave equation for F in the usual way:

T (V6 F) = V(B )
V(v F)-viE - z-k(ﬂ-kﬁp%w (¥ 3)
So we have

(V> + 82 F = —%6x (Vv x7)
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and similarly
ﬁx(exﬁ) = —ikVxF
V(VB) - = ik (B )
w
(V4+K)B = 2V xJ

Now we convert these equations to equations in ¥ - F and - B as wedid in section 3.

(V’+5)5 F = —%r Vx (v x3)
= L (V<)
w

and
4dmi~ =~

4 ~ ~
(VP4 E)fF B=-—F VxJ= ——L-7J
C C
(cf equation 3). Now we can use the Green’sfunction that we found previoudly (egn. 2):

F =y (¥'x3 &) d*%

FF = —
= —M/Z]l (kr<) he" (krs) Yin (6,0) Vi, (67,6 L (6/xj(§<’)) d*%

w

_ i eikR~ ~ .
I-B = —/ —= L'-J&)d*%

—k / v/ T/~ ~/
- T“”/Za‘z (kr<) b (k75) Yim (6, 6) Yii, (0, ¢) I3 (X') d°%
Lm

then equation 11 for the coefficient becomes:

kdr —k . % / NT/! T (! AV
m(U,m!) gy (k) = W/T/Z]l (kr<) BV (k1) Yo (0,0) Yii, (0/,¢") L3 (X)) d*%' Y, (6
lm

v (L,m) g (kr) = j%hf) (kr)/jl(kr’)m (0,¢ )L/ -3 (X)d*%'

wherein the last step wetook v~ = r outside the source.
Similarly for ap we usethefact that F = E outside the source, so:

ag (I',m') fir (k1) = l’_];jlil /_Z/Zgl (kr ) B (krs) i (0,0) Y5, (07,0) B (ﬁ’xj(i’)) B3%
ag (I,m) g, (kr) = % ) r)/jl kr') Y, (6',9") L (ﬁlxj(i’)) 3%

So far these expressions are exact.
Now we’d like to express theresults in terms of the multipole moments of the source.
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First we eval uate:
- - - 1 - - -
i (Vx3) = 7(r><V)-(V><J>
= %(rjaka Je — V2 ;)
where we used aresult from the front cover of Jackson. Now we work on the last term:
ri V23, = Ok (rjOkJ;) — (Okrs) Ok
= O (Okr;J; — (Ok1y) Jj) — 0k Ok
= V2 (3F) - oubp ] - VT

)
L = V2(3-1‘~)—2ﬁ-5
)

P (Vx3) = [(59) 9392 (7 5) 429 ]
_ H(Hr%)@ J-v2 (3 ")}
S EERERE)
)

= —% (wprQ) +iV? (j . f‘)
and so equation (21) with g, = h!") becomes:

\/%/jl(kr)lfl 0, 6) (——(w,or ) +iV? (Jr)> &%

Now the first term may be rewritten using integration by partsin r :
‘ 10 ‘ Fmax 9, .
/]l (kr);g (wpr?) r?dr = rj; (kr)wpr®| "™ — /E (1, (kr)) wpr?dr

where the integrated term is zero provided we take r,,,.. outside the source. Then:

an (Lm) f?‘% [¥in0.0 (—z'p(f—r (i (k) 92 (5 f)) d*x

Now we work on the last term. From Green’stheorem
[ wvro—ovuyav = | (w—¢ ¢ w>

Now wetake ¢ = J - Fand o) = j; (kr) Y, . (68,0). Then ¢ = 0 on the surface provided it is
outside the source, so theright hand sideiszero. Also,

V2 (kr) Yi, = =Ky (kr) Y,
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and so finally we have:
k24w . o J . ) J. 3~
ag (I,m) = m/YZm(Q(i)) (Zpa—r(mz(kr))Jrsz (kr) ( - )) P’z (2)

Now what about a; : We just need to rearrange

L1

L3 = 2(5x9) d=2%¥
1
=V (5x3) =iV ()

ay (I,m)=—— [ j, (kr) Yy, (6,0) V- (T x J) 3% 23
e (1) = —— s Ji () Vi, (6,6) - (5% 3) (23)
These expressions are still exact.

Example: the center-fed linear antenna.

Suppose an antenna of length d has a current distribution

d )
I = Iysin {k (— - T)] emiwt
2
- 1

j:%‘; sin (k <£2l—r>> B(p—1)—6(u+1)F¢

Then from the charge conservation, we get:

p:_iﬁ-j— _M°2 cos <k (g—r>> [6(p—1)—6(u+ 1))

w 2miwr

ily COSG(;_T))[5(M—1)—6(u+1)]

or equivalently,

but sincew = ke, then

2mer?

Now for this antenna, 7 x j = 0, S0 ay; = 0. Then from equation (22):

aplm) = —K2D [y Bl D) Gt DI (cos(k (4= 1)) (i (k) gag
z (L m) c¢z(z+1)/ylm(9’¢) = < i (k) sin (K (r - ) >d
_ Amk2 1, . Y (r cos (k (%—r))%(rjg (kr)) ,
- e [ a0 i (o) Ya
where
Vi (0) = Yis (1) = (/= (R (1) - A(-1)

B A +1 N 0 if liseven
AT (1_(‘1))_{ 2L i Jisodd
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Next we rearrange the first term in the integrand:
d o, . 0 d . . d )
cos <k <5 - r>> > (rgi (kr)) = rn |:OOS (k (5 — >> i (kr)} —ksin (k <5 - r>> rj (kr)

Thus
ag (1,0) = A loy( 2l+ / [ <k (——r))rjl(kr)} dr
d

c/1(1+1
s l++1> cos (=) ) it )

4RI/l Drd . (kd)
it D 2\

81y (21+12W<ﬁ>2,<ﬁ>
cad\l T+ \2) 7"\

where [ isodd. Thus there are multipoles of all odd orders.

The full wave (kd = 27) and half wave (kd = =) are of particular interest. For these we
find the coefficients cdag (1,0) /8+/m I, to be:

/2

0

[ ful wave haf wave
1\/_7T *1\/_7'( sinzwt _ cosm —
P 2 (S SVOTHEE ) LR (8) = $VB5? () = +E = 0.305
3 217 j5 () = 1.2473 +2172%j; (£) = 6.0544 x 1072
5 315\/33077%5 (r) = 0.11914 0 =330 s (%) =3.1233x 10~
7 21072j7 () = 5.6673 x 10 -+ /2107%5; (%) = 2.0037 x 103

Final Iy we need the Xzo (equation 14)

~ 1
X, = VI +1)Y +=VI({l+1)Y, _ +
10 l(l+1 ( 11(X zy 5 ( I, 1XZ)’)

_ 21+1 Pl L¢, . +1 'P—l —L¢7 ))
V \/ l+1

_ 2 21-1—1\/25;3: s1n9—Pl( )( (b(x iy) — Z¢(ﬁ+iy))

A+1(0-1!  d
XY Ay T s 9d Py (p) (sin X — cos ¢y )
—1

[2041 (- 1)!
I (+ Dl ne_P’( )&

= Jasrg—1) . d .
X0 = _— —P, (7]
Fx X0 z\/ T (T sm@du (1)

and thus
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and

. 8l |21+ 1) (kd\®  [kd\  [2l+1(1—-1)! . d R
1.0 X  — ] — — — — —— 1 ]] (— P, 2]
ap (L, 0)F x Xio a\ T+ (2) AN K = ke
4Ly (21+1) (ﬁ)Q, <kd) d
AT A A Pl( )8

Thus the power is:

<

@ Sk

e Y (i) [—aE ) x zao} ST [ @) £ ¢ Ko ‘

! odd %
1,410 (20 +1) kd samewith — I’

87rk2 Z( O edl(l+1) \ 2 g Sme Pl (1) - Z andi — —i

¢ [4l, A L (2 +1) (kd) d < same >
Ry (cd) <2> i 92;(_1) a2 \T) P with v

2 2
;—O(k—;> sin’ 0

e

> T (%) <=7 (1) (samewith - 1)
1

Thus for the full wave antenna, we get:

<

P I B, (m) 4 (1) — (L (55 _ 3
—_—— _071_2 Sin2 0 2]1 (ﬂ-?]ilu (N’) -d—12.]3 (5) d"é&( 3( ,u/-Lll ﬂ)) (same)
dQ2 2m +3005 (1) 3 (p® =480 + p)

I : oo (2, 1))
<Js (m) (5p 1)+8J5(7r)<2u T’ +2>>

2, ., (3_ )2< 7 js(m) 11 j5 (7) (21 1\’
—0 o (= 1—— 5p? — 1) 4 ==l [ =yt — Tp2 4 =
el L 12j1(7r)(” I\ T T

dP 29 | 7 Js5 () 11 Js 5 () 2
— = =L in? (1 - =2t (5p® — 1) =t (21t — 14 +1)
29
S sin® 0 (1 0.30323 (5% — 1) +5.7410 x 1072 (214" — 14p° + 1))
9 I2
Zz—sm 26 (1.3606 — 2.3199” + 1.205 61 )
™C
9 I?
22—sm 20 (1.8125 — 5.70544° + 6.9246u* — 3.8319u° + 0.817571°)

Jackson’s exact result (9.57) is the blue-green line

dP _ I? 4cos' (Zcosh)

dQ2 2mce sin 6
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Two term result (red line) : ,
2 (sin0)* (1 - 0.30323 (5 (cos 0)” — 1))
the 3 term result is amost the same (black line)

2 (sin §)” (1.8125 — 5. 7054 cos® § + 6.9246 cos* § — 3.8319 cos® § + . 81757 cos® 0)

The blue dashed lineis the 1-term (dipol€e) result.
Half-wave antenna:

d—P 7iﬁ 2 2J1 (g)d_(i(/’é)_%.h <%)dd_p(% (5ﬂ3_3ﬂ))
<dQ _271.0481110 +1_(1)J5(§)d_(i(6_§)/1’5_3_fug+1_85 ) (same)
Here

2 2 2 Fid s (& 2
< 4B L Om <i) sin’ 6 <1 _ LD (F) (i) (5u? —1) + Llos'5) (2) (21 — 144 + 1))
2 2

— >_
dQ 2rcd 4 \ w2 12 1,5 (%) 127, 5 (%)
29
= 2—0—2 sin20 (1 —4.6241x 1072 (542 — 1) + 1.8912 x 1073 (21* — 14 + 1))
TCT
39 .o 2 —2 4\2
= 5o sin 0 (1.0481— 0.25768;° + 3.9715 x 10~ %)
mec T
(sinf)? < (1.048 1 — 0.25768 cos? 0 + 3.9715 x 10-2 cos? 0)”

9
=
(sinf)? < (1 —4.6241 x 102 (5cos2 6 — 1))
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Jackson’s exact result (9.57) is the blue-green line

dP 12 cos? (& cos )
L —=
dQ) 2me sin’ @

Here the two-term (red dotted) and 3-term(black) resultsareindistinguishable. Again
the dashed blue

lineisthe 1-term (dipole) result.

Now we specialize to the case in which the source size d < A. Thismeanstha kr < 1
in each integrand, and we may use the small argument expansion for the Bessd function j; :

, (k)
g (k) = S
and
0 kiptt? I+ 1

o . . l
ar k) = S~ @ n ¢
The quantity that appears in theintegrand of ar  (equation 22) is

9 ‘ J-v\ I+l Lk (k) .
~ipgy (ra (k) kg (kr) <T> = g M T T
l AN
= (zng?d)l)”(—ip(l—l-l)—l—erc.r)
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The second term is smaller than the first by afactor £r, and sowedrop it. Then:
—ik?4r 1+1 / § L
’ l7m - o Ym Ha kr) d°x
plhm NaE it I (0,¢)p(kr)

Ak l—i—lQ
TS TR A

where
le = /prl}/ltrl (07 ¢) dgi
is the spherical multipole moment of the source

Similarly,
Amikt+2 141
anr (l7m) = (21+ 1)” ] ]\/[lm

—1 = =~ j Iy *
]\/[lm - l+]. /V (I‘X C) TY’lm (07 d))
is the magnetic multipole.

where

12 Atomic systems

The transition probability is defined in terms of the radiated power by

P 1 . -
— = — = transition probability
hw 7
where 7 isthe mean lifetime of the state. The charge density is assumed to have the form

G
p(i) — { 83 lm (07(25) fOT’ r<a

for r>a
So that
3e [¢ .
Qe = 2 [ dr [ Vi (0.0)¥7, 0.6)d0
0
3e a3
= B1:3 W Omm!
3e
= l+3al6ll’6mm’
and thus

ap (1 m)_—4m‘kl+2 [+l 3e
N Y IUE T (R R
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Then from equation (18) for the power, we have
1 ¢ < 3e l>2 (Ar)° K24 41
T 87mkhiw l+3a [(2[+1)!!]2 l

N ;_i (li3>2 <Hll) [(21?1)!!}2 (ka)

Because of the factor (ka)m , the transition probability falls off rapidly with increasing
l,and so the lowest non-vanishing multipole is usually the only one we have to consider.
The magnetic multipole contribution is smaller by a factor of order (%)2 where Z isthe
effective nuclear charge(i.e. the charge interior to the transitioning electron.).

13 Scattering of EM waves by a spherical object

13.1  Plane wave expansion

Suppose an incoming plane wave is scattered by a spherical object. We expect the outgoing
waves to be described in terms of vector sphericd harmonics. Thus our first task is to
expand the incoming wave in terms of the eigenfunctions (8).

We have already found the Green’sfunction, and we may expand it in the limit ' > r :

ikR ik|%—%' ikr’ -
' ¢hlx=] e ikx

€

(&

AR 4 |)"< — )"(’|  Aar!
(Note: thisisjust a mahematical manipulation. We are nat yet attaching any physicd
meaning to X and X’.) The Green’s function expansion (2) may be evaluated with r~. = 7/,
and using the large argument expansion for the Bessel functionsin kr’ :

P
ezkr ~

e F =ik ST Gy (k) Y (k') Yi (0,0) Vi, (0, 6)

l,m

4!

ikr’
. . Nl+1 € %
= ik ZZJI (k:’r) (77’) W)/l'm (97¢))/l’m (9/?¢/)
and the ei*"’ /7 term may be brought out of the sum sinceit does not depend on [ or m.
Then: o
e % = 4w N7y (kr) (—1)! Yo (0,0) Y75, (0,0)
lL,m

and taking the complex conjugate, we have
e —ar i (k) (1) Y (0,6) Yim (0/,¢)

I,m

Now only the termsin Y, depend on m. Using the addition theorem (Jackson equation
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3.62),

Il 204+1
DX (0.0 Yin (0¢) = 3 Pieon) -

where v is the angle between % and X/, or equivalently, between % and k. Finally then:
k% = N"il(20+ 1) ji (kr) B (cos )

1
= Zil\/llﬂ' (20 + 1)ji (kr) Yio (7)

This is exactly the factor that appearsin the plane wave expression.

Now we al so need to worry about the polarization of theincoming wave. Any wave can
be decomposed into either linear or circular polarizations. The circular polarizationsturn
out to be more convenient here. So write:

By = (8, +i8y)e™ (24)
where now we have chosen the z—axis along k. Then
_ 1~ = -
Bi:?V X Ei=¢83 xE4 (25)
7

Now we write each field as an expansion in the eigenfunctions:

_ o i _
E: = Z ax (I,m) 51 Xqm + Zbi (L,m) Vx (5 Xim)

Im

B. = Z b (I, m) 51Xy — %ai (1,m) V x (51X i)

l,m

where, by the orthogonality of the X;,,,,

as (lm)j = / X, - Bado (26)

(We have already proved most of the orthogonality relations we need herein section 8.
To show that _
Xim - VX (71X4m) =0
expand the curl. Theterm in Vj; isperpendicular to X ,,,, and the remaining term involves

le . 6 X le = le ' (va - 6) Yim = _le ' v}/lm

(equation 9) . But X;,,, x T X 6Ylm is perpendicular to 6Ylm, and so the relation
follows.)
Similarly:

be (1,m) ji = / X;,,  Bid @7)
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Now insert the value (24) into (26):

ax (l,m)j, = /X;*m-(éliiéz)e“”cm

1 ,
= T'/Liyﬁnelkde
VII+ m(m+ 1) . e
= \/l l+1 /}/lmj:lek dQ
_ VA ) —m(mE ) / S I @ F Do (k) Yoo (6) 42
\/l (l+ 1) lmil 7
Now by orthogonality of theY;,, only { = I’ and m = F1 contribute:
VII+1)
at (I,m)j = A7 (21 +1 kr)om,
+ (L,m) g 7 (l+1 )ir (k1) 6m, 1
at (lm) = i'\/4r (2 +1)8m 51 (28)

with asimilar result for the b's. Since m = +1, thelowest allowable value of [ is 1. Thus
we can expand the plane wave fidds as:

%)= S VIR [0 Ko £ 19 (3100 %) @)
=1

where, aswe showed in section 10, m = =+ corresponds to £ 1 unit of angular momentum in
the z—direction. The corresponding result for B is:

Z Vi @+ 1) {xg,(kr)xl,ﬂ — =V (]l(kjr) Xl_,ﬂ)

13.2  Application to scattering

The total electric field isa superposition of theincoming and outgoing fields:
Etotal = Eincident + Escattered
The scattered waves are ougoing & infinity and so are represented with (V) :

Ecawe = > a(l,m) bV K, + ;—b (1, m) V x (hl(l)le)
lm

Now if the scatterer is a conducting sphere, the total tangential electric field on the surface
of the sphere must be zero. We have already expanded the curl several times. The resultis:

~ = Oh - - -
Vi (hl(l)le) = a_f' X Xim + bV x X,
T

_ %f x Ky + % ((fv2 — 6) Yl)
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We only need the tangential part of 67 which isfound from:
e (2 _ 0 =
rx (rxV) —ra——rV

r
and thus R
V= —i£ x L
and so: "
Vi (U Ki) = g—fr 5 Ky + h— 5 Ky + ﬁfVQYlm

and thus the tangential part of E is:

. (1) (1)
- ~ i hy L
Escattered = Za(hm) hl(l)le + Eb(l,m) ( Ee + T) £ x X,

l,m

At r = a, the surface of the sphere:

N > ) 1 9 -
Ei;n = E02111/47T(2l+ ].) []l(ka Xl:i:l ik_a_(rjl (k:r)) I‘XXl’i1:|
=1 r=a
(1) i 9 (. . %
+ 3 a(tm) Y (ka) X +==b(1,m) == (rhl ) _x X

l,m
= 0
Thus a (I,m) and b (I,m) = O unlessm = +1. We can simplify the results by writing:
FE
a(l,m) =i'\/4r (2 + 1)700%
and
b(l,m)=i'""1\/4r (21+1)—5lm
Then Egn = 0 requires:
gi (ka) + %h;l) (ka) =0

and thus:
L gika) Y (k) + B (ka)
aE = TEm N M
1 (ka) hy (ka)
IV )
hi" (ka)
and similarly

+5z 41 88 (Th(l))

r=a
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% (rhl(l)) + % (rhl@))
b = F 2 (0
E(Thz )
6% (rhl<2))

= FlF—]—7<
2L (’I“hl(l)>

or

We can cdculate the radiated power using equation (19). For each polarization separately,
we have:

dP.  cE?

dQ  8rk?2

and thus the scattering cross section is:

Z i/ T 2l+1 (ale 41 +/B,ir><Xli1)

(Notethat the magnitude of theincident fieldis \/§E0).
Now we can compute the fieldsin the long-wavelength limit. For ka < 1, h; ~ in;, and
we have:

2

3 () il/a Rl D) (alxl,ﬂ + B F % Xm)
l

2
dO’i

2k2

. gika) (ka)' (k)™M
T T (k) T DU (=i (20 1)
B 2 (ka)QlH
i 20+ 1) (20— 1)!!

Soclealy | = 1 isthedominant term. Similarly for ,Bl_il we have:

i(rjl (k:r))‘ - . (kl IH)‘T? L1
braa = F i (rng)l,_, B Z(2l+1)"(21—1)"-a- (r=Y],_,
2 (I+1) (ka)”“ I+1
T @@y T
Fori=1:
oy = —%i(ka)3
and

4
B141= igl (ka)’
Then to lowest order:
dO’i

14 6 o L
W = mg (ka) 3T Xl,j:l + 2iF X Xl,j:l

2
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2
== (1 + cos? ) . But here we have acrossterm:

We have already calculated ’XLil

%o (%)

A

X—1iy X411y .
2y> +V2FL(E1-1)Y1 11 ( 5 y> iY1¢12>

From equation (14), we have

~ -1
X141 = % <\/2¥ (£l + 1Y) 1141 (

So:
- \/— X+ iy
Xl,l = T Y“ZO 9 +Yl lZ
V2 /3 :
. —1 24 2 2 ipa
= \/5< 5\ 1o Cosﬁ(x+zy) - sinfe'z
~1 [3 . o
= E 8—6 (cosf (cosd —isin @) (X +1§) — sinbz)
T
1 /3,
= -3 —e' (cos 0 (cos pX + i cos ¢F — i sin X + sin ¢y ) — sin0z)
7r
13, .
= -3 ;e‘d’ (icos@q’)—@)
and
. V2 " 3 o ies
X1 = 75( 5 EC%Q( iy) + 8—7Tsmt96_“¢’z
— i\/zew’ (z’cos@(}—i— 9)
™
So

- 1 /3 ... /4 o
Xi,+1 = —\/—eiw (0$icos@¢)
’ 4V
Then _
P~ 1 /3 4io(a,. 2
P x X4 = Z —c (¢:|:zcos90)
™
And so the crosstermsare of the form
- - * 3
Xl,il . (f‘ X Xl,:l:l) = $z— cosf

8m
and so
do+ 2 9. 4(3 g S g *
E = gﬂ'a (k:a) (Xl,:tl + 2iF X Xl,:tl) . (Xl,:i:l + 2iF X Xl,:tl)

2
= gﬂa2 (ka)4 (516171' (1 + cos? 0) — 24—371_ cos@)

= d®(ka)* <§ (14 cos® §) — cos 9)
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which agrees with equation 9.94.
This result shows explicitly the interference between the modes.

scattering cross section versus angle
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