Phys 460 Fall 2006 Susan M. Lea

1 Waves— basics

1.1 The wave equation for a string

Waves occur in many physical systems. A wave is a disturbance that propagates
through the system at a well-determined speed that depends on the physical
properties of the system. All wave disturbances may be decomposed into a sum
of simpler waves- sinusoidal waves. In these waves, the shape of the disturbance,
captured by taking a snapshot of the disturbance in the medium at a fixed time,
has the shape of a sine wave. Every point of the system oscillates in time. Thus
we might expect that the system has restoring forces that try to return the
system to its initial equilibrium. We’ll begin by studying a simple mechanical
system-— a string. The restoring force is the tension in the string.

In equilibrium the string lies along the z—axis. We look at a dizerential
piece of the displaced string, as shown in the diagram.
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The net force on the string has components:
dF, = T (x4 dzx)cos(0+ df) — T (z)cosb
dF, = T (z+ dx)sind —T(z)sind

Now let the displacement of the string be small everywhere, fo that § <« 1
everywhere. Then

cos = 1—=—+...~1

sinf = 0—=—+4- - =0
and

dF, = T (x+dz)—T(x)
dFfy = T(z+dx)(0+do)—T(x)0



Each piece of the string moves vertically but not horizontally, so
dF, =0=T(z+dz) =T (x)

The tension is constant along the string. Then the y—component is
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The time derivatives are partial derivatives: we are looking at a fixed value of
. The mass of the string segment is

dF, = Td0 = (dm)

dm = pdx

The string has to stretch a bit in order to curve, but the mass per unit length
1 is measured along the undisturbed string. Thus
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The x—derivatives are also partial because the picture shown is a snapshot
taken at a fixed time. Now we work on the angle 6. The slope of the string is

tan&:a—yzﬁ for 0 < 1.
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This is the wave equation for the string. The wave speed is given by
2 T
V= -
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and v is roughly equal to the square root of the restoring force/inertia. The
general solution to this equation has the form

y=f(zLot)

as you can easily check by dicerentiating and stu€¢ng in. With the minus
sign, the solution represents a wave propagating in the direction of increasing x,
with the plus sign the pulse propagates in the direction of decreasing z. Since
the wave equation is linear, we can have superpositions of such solutions, for
example

y=f(z+ot)+g(@—ot)

Sinusoidal waves occur when f is a sine (or cosine) wave.

y = Acos [k (z —vt) + ¢] = Acos (kx — wt + @)



At fixed ¢, the cosine repeats after a distance Ax where
kAx =27

or
Az =% =)
YT

where X is the wavelength of the wave. Similarly, at fixed x, the cosine repeats
after a time

At =

ey

=T

where T is the wave period. Also

w
z =V
A is the wave amplitude. It is the maximum value of the disturbance anywhere
in the wave. ¢ is a phase constant. It tells us where the maximum displacement
occurs at t = 0.
The speed v is the phase speed of the wave. The wave phase is the argument
of the cosine. So a fixed phase ¢, corresponds to

kr —wt+ ¢ = ¢,

or

W ¢o_¢_ Po — &
x—kt—f— T = vt + A

so if k is positive, the value of = corresponding to phase ¢, increases at speed v.
Standing waves occur when equal amplitude waves travel in opposite direc-
tions:

Ystand = Acos (kr —wt)+ Acos(kx + wt + @)

2A cos <kx + %) cos wt
Now we have a fixed spatial function that oscillates in time.

1.1.1 More math makes it easier
We can use complex numbers to make the math easier. Euler’s formula tells us
e’ = cos @ +isinb

Thus

Acos(kx —wt+ @)

Re A exp (i [kz — wt + ¢@))
Re{(Aei‘i’) (ei(kxwt))}

Re (Aveikx—iwt)



where _ 4
A= Ae'

is the complex amplitude of the wave. With this notation, the general solution
of the wave equation may be written:

fla,t)= /+Ooﬁ(k) ethemivt j;

where
w = kv

The "Re” is implied but is not always written. Real physical quantities are
always the real part of complex numbers.

1.2 Boundary conditions: reflection and transmission

When a wave reaches a point where the properties of the system change, part of
the wave energy will be reflected and part transmitted into the new region. In
the case of 1-D waves on a string, the mass/unit length 1 is the critical system
property, As u changes, so does v :
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The disturbance on the string has three components: the incident wave y; =
A exp (tk;x —iwt), the reflected wave travelling in the negative z—direction,
yr = A, exp (—ik,z — iw,t) and the transmitted wave y, = A; exp (ikx — iwet).
The first two travel at speed v; while the transmitted wave travels at speed vs.
The amplitudes of the reflected and transmitted waves are determined by the
boundary conditions at the junction between the strings. To determine the two
amplitudes, we need two boundary conditions. They are:

(1) The string displacement is continuous across the junction. If
this were not true, the string would have an unphysical "break™ at the junction.
For simplicity, we place the origin at the junction between the strings.

Yi (0’ t) +Yr (07 t) = Ut (0, t)
Aexp (—iwt) + Arexp (—iwyt) = Aexp(—iwst)

This boundary condition must hold for all times ¢. Thus it must be true that
W =W, =W
The frequency of all the waves is the same. Then it follows that

At A, = A ®



and also w w
==k k==

U1 V2

ky =

(2) The slope of the string is continuous across the junction. If
this were not true, there would be unbalanced forces on the junction that would
cause rapid acceleration, rapidly restoring the force balance and the continuity
of the slope. (Be careful here— if the strings are tied together so that there is a
massive knot at the junction, then there may be a discontinuity of slope. This
is not the usual case.)

. —iwt . —qwt . —iwt
tk;Ae” ™" — ik, Ae " =ik, A

The exponentials cancel, leaving

A . A
- =L -= (3a)
U1 V1 V2
From equations (2) and (3a) we can solve for the amplitudes:
A—4, = =L(4+4,)
(%)
A(1—U—1> = A, <1+”—1)
v2 v2
A, = A=—L )
Vg + U1
and
A = A<1+ ”2_”1)
Vo + U1
2’(}2
<712 + 1 ) ©)

Note that if v = vy, there is no junction, and A, = 0, A; = A, as expected.
If the second string is heavier than the first, puy, > py, then v < v, and A, is
negative. Recall that these amplitudes are complex numbers, so

V1 — Vg

A = —A—= —¢'"A
vy + vy v2 + U1

V1 — U2

The reflected amplitude has a phase dicerence of = compared with the incident
amplitude. Taking the real part,

Yr = |A‘

L2 o (—thkyx — wt +7)
V2 + U1
and the wave has a phase change of 7. The reflected wave is flipped "upside
down™.

Boundary conditions like this (continuity of function, continuity of deriva-
tive) apply in most physical systems.



1.3 Polarization

The waves on the string are transverse waves: the string itself moves perpen-
dicular (in the y—direction) to the direction that the wave itself moves (the
x—direction). The wave is said to be polarized in the vertical (y) direction.
We could also set the string vibrating so that it moves in the z—direction and
we would say the wave is polarized in the z—direction. Or we could choose any
direction in the y — z plane. These are linearly polarized waves. Now suppose
we set the string vibrating in the y—direction, and a quarter period later we also
set it going with equal amplitude in the z—direction. The total displacement
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Now we take the real part:
§= Algcos(kx — wt) — 2sin (kz — wt)]
Fix attention at one point of the string — say = = 0, then we have
§(0,t) = A (J cos wt + Zsin wt)

Now the string moves around a circle of radius A in the y — z—plane. This is
circular polarization.

Contrast the string with waves on a spring— these are longitudinal waves—
the spring coils travel back and forth along the spring- the same direction that
the wave moves. The concept of polarization does not arise for these waves.

1.4 Energy transmission

As the wave travels along the string, it transmits energy. We can see how the
energy is related to the wave properties by looking at the rate at which the
string to the left of a point = = z, does work on the string to its right. The
string to the left exerts a force 7" on the string to the right, and at the point of
contact the string has velocity

8;1/ (Io, t)
ot

v=7

Thus

But since the string has small displacement, § < 1,

Jy
inf ~ tanf = ==
Sin an 8$



So, with y = A cos (kxz — wt)

ay 8y ('r()vt)
= ===
ox ot

xo

= TkAsin (kxy — wt)wAsin (kxg — wt)
= pwwA?sin? (kzg — wt)

P =

Since the sine function is squared, the power is always positive; energy is trans-
mitted to the right continuously— this is the direction in which the wave is
propagating. The power depends on the square of the wave ampliude— doubling
the amplitude quadruples the energy transmitted-and also depends on the wave
speed and the wave frequency.

2 Electromagnetic waves in vacuum

Maxwell’s equations in vacuum are (p = 0, j = 0)

V-E = 0 (6)
V-B = 0 @)
. 0B
VX FE = 75 (8)
.- OF

B —
V x ol o1 )

Even though p and 7 are zero, the fields are not necessarily zero, because chang-
ing B acts as a source of E and changing E acts as a source of E. The resulting
fields are wave fields that travel at the speed of light. To demonstrate this,
let’s try to eliminate one of the fields. Start with Ampere’s law (9) and take
the curl:

—

Ux (VxB) = Vx2
V(VB)-viB - é%(ﬁxé)

Now use equation (7) on the left and Faraday’s law (8) on the right:

oq  10°B
c? 0%

so we obtain the wave equation with wave speed c :

8

25 _ L
VB =35> (10)



The equation for waves on a string (1) was 1-dimensional in the space variables,
but here we have the V2 operator, sowe have derivatives in all 3 space variables.

<a_2+a_2+i>§_1825
0z2  Oy? 022 2 9%t

The waves are not constrained to mowve in one direction, but can move along
any line in space, described by the wave vector k. The magnitude of this vector
is related to the wavelength, as with 1—-D waves.

- w 27
c A
The speed of the waves in vacuum is
c= =3x10% m/s

€oHo

EM waves occur at all frequencies. The names we give the waves are historical
and reflect the methods we use to detect them. They range from gamma rays at
very high frequencies to low frequency radio. See G page 377 and LB page 533.
Visible light occupies a small fraction of the spectrum around v =10 — 10'°
Hz (or, A = 400-700 nm)

The electric field satisfies the same equation, as we can see by starting with
Faraday’s law:

- (o = e}
VX(VXE) = _VXE
. S o (= = d oF
2 e o — —_— — —
V(V-E)—VE - = V x B) = ~ <goﬂoat) (11)
2m:  10%E
ViE = S

2.1 Monochromatic plane waves

The term "monochromatic" or "single-color" means that the wave has a single
frequency w. This is an idealization, of course, but it greatly simplifies our
math. The wave is plane if a surface of constant phase is a flat plane. Let’s
choose to put the z—axis along the vector &, so that the wave is travelling in
the z—direction. Then we can write the waves as:

B = Byexp (tkz —iwt)

—

E = Egexp (ikz — iwt)
Stu€ng into Gauss’ law, we have

V-E = ikEy , exp (ikz — iwt) =0



This can be satisfied only if £ = 0, which makes no sense, or £, . = 0. Thus
EO has no z—component, and Eis perpendicular to k. Since V - B is also zero,
we get the same result for By. Since both field vectors are perpendicular to the
direction of wave propagation, EM waves in vacuum are transverse waves. Now
let’s put the z—axis along the directionof Ey. From Faraday’s law, we get

VxE = Vx [Eoi exp (ikz — iwt)]

= gai [Egexp (ikz — iwt)] = ikEogjexp (ikz — iwt)
z

0 = L
= —% By exp (tkz — iwt) = iwBg exp (tkz — iwt)

Thus we get
Ey

By = Lhyg = 22 (12)
w C

Thus the magnetic field is perpendicular to the electric field, has magnitude
Eqy/c, and the wave amplitude has the same phase as the E—wave amplitude.
Since E is perpendicular to B, by convention we choose the electric field vector
to give the direction of polarization. This wave is polarized in the x—direction.
We can write all of this in a coordinate-free form. If the wave propagates
in direction &, the dot product & - 7 gives the distance along the direction of £,

so we replace kz with kk - 7=k - 7. Thus

E = Eoexp (z’%-?—iwt)

sel}
|

By exp (zlg 7 — iwt)
where, from the divergence equations,
k-Ey=Fk-By=0

and from the curl equation

- = oL [0 0] {0 ad e
V x Eoexp(zk:-r—zwt) x(ayEz _82Ey) —0—y<8zE'z — 5:13EZ)+Z(8$Ey

= [i. (ikyEO,z - _szOy) + 9 (iszO,x - ikmEO,z)
+2 (ika B,y — ik, Fos)] exp ik - 7 iwt)

L. . 9 - .
= ik X Egexp (z/c - — iwt) = _EBO exp (zk -7 = iwt)
= wByexp (ZE r— iwt)

Thus L .

k x EQ = (UBO (13)



2.2 Energy and momentum in EM waves

The energy density in the waves fields is

€0
2

(E? + 2 B?)

But since we already showed that B = E/c, there is equal energy in the electric
and magnetic components of the wave.

u=¢goE?= 60Egcos2 (E-F— wt—f—qb)

The Poynting vector describes the flux of energy:

§ - LEupoLE.(ExE
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But k- E = 0, so
~ 2. E? . .
§= =f = k= cuk
cly  Clgo

This shows explicitly that the energy density in the wave is carried along at the
wave speed c.

If we average over several (or many) wave periods, we get the time averaged
transmitted power per unit area of the wavefront:

1
<P> = %eoEg

As with waves on a string, the power goes as the square of the wave amplitude,
depends on the wave speed ¢, and also on the properties of the medium, here
eg. Physicists call this quantity the wave intensity. Astronomers beware — the
term intensity in astronomy means something dicerent.

The waves carry momentum as well as energy: From Notes 2 equation 6, the
average momentum flux density is

Uy

<o >

<Pem > =
C

Now if the wave energy is absorbed at a flat screen, momentum is also aborbed,
and thus there is a force exerted on the screen. The force, from Newton’s
second law, is

F=

25



and the pressure on the screen is the normal force per units area. If the wave
strikes the screen at normal incidence, then

r ‘< §>‘ 21
P:u: = :—goEz
A c 2p, 2

If the screen reflects all the energy and momentum, then the momentum im-
parted to the screen is twice as big:

Before reflection  after reflection

Momentum in wave  pj, Dout = —Pin
Momentum in screen 0 Dscreen
Total Din Dscreen — Din

Setting the total before equal to the total after, we get
ﬁscreen = 213;71

Things get more interesting when the wave is incident at an angle 6. (See LB
"Digging Deeper" pg 1049.)
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Momentum in direction k at angle 6 to the surface normal 7 is carried by
the wave. Only the normal component is absorbed or reflected:

Pnormal = P cosf

The momentum in area dA, of the wave impacts area dA of the surface, where

dA| = dA cos 0

11



Thus the momentum absorbed per unit area is

Apnorm pcosd P 2
= = cos” 0

AA  dA,/cos®  dAL

Thus the radiation pressure is
P= 550E2 cos®

where the factor f = 1 for total absorption and = 2 for total reflection.

3 Electromagnetic waves in matter

When waves propagate in matter, there are non-zero sources p and j that must
be included in Maxwell’s equations. These sources acect the speed and other
properties of the waves. Here we will discuss LIH materials that can be de-
scribed by the fields D and H, thus allowing us to "bury™ the bound charges.
Then if the free charge density and free current density are zero, the equations
are:

V-D = 0=¢V-E (14)
V-B = 0

- 0B

VxE = —=—

x ot

- B - -  JFE

Vx= = VxH=¢— (15)
I ot

We find the wave equation using the same methods as before. Comparing these
equations with equations (6) to (9), we see that the only dizerence is that ¢
has been replaced by ¢ and p, has been releced by 1. Thus the wave equation
for E takes the form

_ O’E 1 9’E
2
ViE=ensm = m e (16)
where the wave phase speed is
1
v =
VER

In most ordinary materials like glass, p ~ p, and € > g, so that

v_ fem | fea
c el €

and light travels more slowly than in vacuum. The index of refraction of the
material is



The Poynting vector is now

S==ExB

= |~

The relation between the amplitudes of the £ and B fields may be found from
Faraday’s law:

Lo . kB
ICXEOZUJBO:_O
v
so that
_ L

By = @1

The fields are still perpendicular to each other and to E, and vary in phase.

4 Reflection and transmission of waves at a bound-
ary

4.1 Normal incidence

When a wave reaches a boundary between two dicerent, LIH media, the wave
is partially transmitted and partially reflected. As with waves on a string, each
wave has the same frequency. This ensures that the boundary conditions are
satisfied at all times, not just at one time. The boundary conditions on the
fields are the same ones that we found in Physics 360:

normal D is continuous (18)
tangential E is continuous (19)
normal B is continuous (20)
tangential H is continuous (21)

We begin by writing expressions for £ and B in all three waves. For
simplicity, let the boundary be the z,y—plane, with medium 1 occupying the
region z < 0. The wave trawels in the +2 direction (normal incidence). First
E. We put the z—axis parallel to E, so

— —

Ei = Ejpexp(ik1z —iwt) = FipZexp (ik12z — iwt)
Ei = Eipexp(ikyz — iwt) = B exp (ikyz — iwt)
E_"r = Ero exp (—ik1z —iwt) = EpgZ exp (—ik1z — iwt)

The minus sign in front of the &,z term in the reflected wave signifies that this
wawve is going in the —z direction The wave numbers are

w
k= v_ = Wy/E1lq
1

and

ko = - Wr/E2ho

V2

13



Now in writing the magnetic field vectors, we must remember that

gXEozwgo

_ _, Ej
Bi = Bjpexp (ik1z — iwt) = Bjgz X Texp (ik1z —iwt) = —'Ogj exp (ik1z — iwt)
U1

~ E
By = Bigexp (ikaz — iwt) = —toyexp(ikgz — iwt)
V2

~ FE
By = Brgexp(—tkiz —iwt) = By (—2) x T exp (ik1z —iwt) = ——0y exp (—ik1z — iwt)
U1
Now we apply the boundary conditions (18) to (21).
Continuity of normal D :
0=0

Continuity of tangential £ :
Eio + Ero = Eyo (22)
Continuity of normal B:
0=0
Continuity of tangential H:
Bio 4+ Bro Bio
H1 Ha
FEip — Ero FEto

= (23)
Vipy Vafha

Now we solve. First multiply eqn (23) by vy :

Eo n
Eip — Ero = vy i —— = E 2h

0
V2 [bo USWAD)

and now add to equation (22):

2Eio = Ero (1 + 2&>

n1 o

Thus g
1[4

Evw = 2B ————
N1y + N2fly

(24)

and then from (22),

Enw = Ei <2% - 1)
n1fly + Nafly

_ B, (M) 25)
Ny by + Nofly

14



This result is interesting, because it can be negative if nouy > nipy. AS in the
case of the waves on a string, it means that the E vector has a phase change of
m, or, equivalently, it changes direction. We may simplify these results if, as
is usual, 1 >~ py ~ . Then

2711
o —
ni + N

ny —
o < 1 2)
ny + neo
From these results we may calculate the reflected and transmitted intensities:

1 E2 1 e
< Sing >= —EjgBjp = —— = —\/—lEizo
21 2o 2V

2
1 /e 1 €

< Sy >=-= 2Et20 _ 24E|20 ( 101 o )
2V po 2 Ho nflg + Nafly

2
I [e1,0o 1 [e1 <n1M2 n?ﬂl)
< Stet >= =y [— L == /—E]
" 2V ? 2 1 0 Nifly + Nafy
and

Ew = Ej

ErO

1 /e

< Str >+ < Srer >==,/—E}
2V

[ 2 2
I N R Y T Nifa Nifg — Nofly
= S/ Lo = 4 t\—=—
2V 1 Ha V €1pby \TMapig + Naphy nflg + N2fiy

_ 1 JEL g2 | D2t 4(napy) n (711#2 — ”2.U1)2
2 Hq 0 _nl,uQ (TL1M2 + n2u1)2 N1y + Nofly

1 /e Ang ooy n (n1pey)® = 201 pynopy + (napy)”
i
2V " (s + napy)’ (i + nopy)’
U e o [(map)® + 200 gmapy + (nopy)’ | 1
:_\/_Eizo 2) 12212(21) _ EIQOZ <S>
2V m L (1 pg + n2py) 2\

This result is required by energy conservation.

4.2 Non-normal incidence

When a wavwe is incident at an angle # # 0, we have to tbe aware that the
polarization of the wave enters into the boundary conditions. The plane that
contains the normal to the surface and the incident ray is called the plane of
incidence. (The ray is normal to the wavefront- see LB p547) If the electric
field vector is perpendicular to the plane of incidence, as in the diagram below,
we say that the wave is polarized perpendicular to the plane of incidence. If
the electric field vector lies in the plane of incidence, then the wave is polarized
in the plane of incidence.

15
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4.2.1 Polarization perpendicular to the plane of incidence

&
By |,£2

In this case the electric field vector is entirely tangential to the boundary. We
choose coordinates so that the boundary is the x — y plane. Then

Bine = — Egfjexp (zié R iwt)

Eref = —Eryexp (ZEr ST = io.)t)
and . B
Etrans = — Exoy exp (’ikt e iwt)
As usual each wave has the same frequency, and

—

K

—

Ky

—

k

w

V2

U1

Further, for points on the boundary,
k7= krsing
Thus the boundary condition (19-continuity of tangential E ) becomes
Einc + Eref = Etrans
—Fo exp (ZE S — iwt) — FErgexp (zEr 7 — iwt) = —Fexp (ZEI S — iwt)
The factors exp (—iwt) cancel, leaving
—Eqexp (ikrsinf) — Erg exp (ikyr sin 6;) = —Fyg exp (ikyr sin ) (26)
This relation must hold at all points on the boundary. Thus we must have

ksin @ = k, sin0, = k¢ sin 6

16



Since £ = k,, we must have sinf = sin6,, and further, since the angles of
incidence and reflection always lie in the range < 6 < 7/2, we must have

0=0, 27)
This is the law of reflection. Similarly, since k = w/v; and kt = w/vo,

sinf  sin 6y

U1 V2

or, equivalently,
1 sin @ = ny sin 6¢ (28)

This is Snell’s Law.

It is important to note that these relations arise from the fact that we have
to satisfy a boundary condition at every point of the boundary. They do not
depend on the details of the boundary condition at all. Thus they hold for
plane waves of any kind, not just EM waves.

With equations (27) and (28) satisfied, boundary condition (26) becomes:

Eo+ By = Eyo (29)

Now we look at the conditions on B and H. These cannot give 2 independent
relations, because we only need two equations to find the two unknowns E, and
FEyo. Let’s look at them:

éinc — kx E_"inc - kEx yEy exp (ZE R iwt)

—k(cosf Z +sinf &) x jEgexp (iE-F— iwt)

= k(cosf & —sinf %) Fy exp (iE-F—iwt)

Brg = Fe x Bror =~k  §Bro exp (i -7 — it
= —k(—cosf Z+sinf &) X §Er exp (ZE T — iwt)
= k(—cos® i—sinf Z)Eyexp (il?:’~177iwt)
and
Buans = ke % Fuans = —Fuokt x 9B exp (ke -7 — iwt

= k¢ (cosbt & — sinf; 2) Egexp (ZE o7 — iwt)

Normal B :
—k sin9E0 — ksin 9Er0 = *kt sin gtEtO

17



Using Snell’s law, we get back equation (29). We do get an independent equa-
tion from the boundary condition for tangential A :

k k
—cosl (Eyg — Erg) = — cos 0+ Ero
Hy Ha
V1 iy V1 —sin? 6,
(Eo — Ero) = Exo
Vg Ly cos 6
/ 20020 /02
n 1 —nisin”0/n;
(Eo— Ero) = =B

Ny cosf

(30)

We will simplify by taking p, = p1, = p,. Then combining equations (29) and

(30), we have

2B, = (1+
\

and then

ni —n? sin? 6

ny cosf

NERCL
mes? )

2FEgny cosf

. 2
ny cos 0 + \/ng—n?sm 0

ny cos 0 — 1/ n3 —n3sin® 0
Eyp = By —=
ny OOS@+\/TL§*’N,%SHI29

4.2.2 Polarization parallel to the plane of incidence

™/
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Now the boundary condition on tangential H (again with all us equal) is

By+Brg = DBy
ni (Eo + Erg) = mn2FEyp (33)

while for tangential E we get

Egcos@— Eygcos = FEygcosby
V1 — sin? 0+
Ey—En = Ey—————— (34)
cosf

Again the third non-trivial condition (for normal D) does not give an indepen-
dent relation. Combining these, we get

\/1— n?sin 9/n
2B, = Em/ - =

cosf

2FEynq cosf

Ey = —m—m—————
nacos 0+ niy/1— n}sin®0/n3

_ 2Fgning cost (35)
n3cos 0 + nl\/ng —n3sin® 6

and then

n3 cos  — niy/n3 — n?sin® 6

n2 cos 0 + nqyy/ ni — n? 2gin? 0

In both polarizations we find that the reflected and transmitted amplitudes
depend on the angle of incidence, as well as the properties of the two materials.
In fact, the refelected amplitude (36) may actually be zero at an angle given by

2 / .2
n3 cosf = niy/n3 —nisin® g

2
nj cos® 0 = n? (n% —n?sin 6)

Eyy = By —— (36)

square both sides:

Now use a trick: write 1 = cos?6 + sin” 6
A
—2 cos?f = n2 (C082 6 + sin? 0) — n2sin?0
n2
1

(n% — n?) cos?0 = (n% — n%) sin® 6

»—;w IS o

Then, provided ns # nq,

tanfg = —= (37)
ni
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This angle is called Brewster’s angle. At this angle of incidence, in this po-
larization, all of the wave energy is transmitted and none is reflected. (We’ll
discuss why this happens later- see also LB 8§33.3.2). Note, however, that
nothing special happens at this angle for waves polarized perpendicular to the
plane of incidence. In fact, E,q in equation (32) is never zero for any 8. Check
this for yourself. What this means is that if we have unpolarized incident light,
equal amplitudes in the two polarizations, at Brewster’s angle only one of the
two polarizations is reflected. The reflected light is completely polarized per-
pendicular to the plane of incidence. This phenomenon is called "polarization
by reflection™.

Under what conditions do we get a phase change of the reflected wave? That
is, when is the sign of E\q opposite that of E,? Starting from equation (32), we
want to find when

nicosf < n3 —n?sin?0

2 2 2 2 ;2
njcos”d < mny;—nisin“f

This is true for
ny < ng

independent of 6, as we also found for normal incidence.
For the other polarization, Start with equation (36)

2 / .2
n5 cos f — ny\/n3 —n3sin® 0 <0

4 .2 2, 2 2 2
Ty COS 0<n1(n2—nlsm 9)

or, equivalently,

Using the same trick as in finding Brewster’s angle, we find this reduces to

;_-:wlwzw

(ng — n%) cos® 0 < (n% — n?) sin® 0

or
0<0p ifny >ny

and
0>0p ifn; <ny

4.2.3 Reflection and transmission coedcients

The incident power striking unit area of the interface is

gn‘éz(ﬁinXﬁin)’é
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Now we time average to get

1 o0 [k \]| .
Iin = 5E3[ex<:xe)]~z

1 .
-z
201y

1
= Eslleg cos 0

where

Ey = Eyé
and é is the polarization vector. We can compute the reflected and transmitted
intensities similarly. Then the reflection coe¢cient is defined as

I _ E

and the transmission coe¢cient is
r It U1 Efo cos 0; _ng Efo cos 0t
" Tin v E2 cos@ o E32 cos®

For polarization perpendicular to the plane of incidence, we get

2
/nlcosﬂf \/n3 fn%sin29\

R: S —
\nlcosﬁ—F \/n3 —n%sinzﬁj

and
2
T = (27741—(3050\ N9 COS Ht
\nl cos 0+ \/n3 — n?sin? 9/ ny cos 0
_ 4dnyny cos 0 cos bt
a 2
(nl cos 0 4 1/n3 — n?sin? 9)
and
2
<n1 cos 0 — \/n3 — n?sin? 0) + 4nqng cos B cos b;
R+T =

2
(nl cosf + /n3 — n%sin@)
n2 cos? 0 + n3 —n?sin® 0 — 2n; cosy/n3 — n?sin® 0 + 4ng cos 61/n3 — n3sin? 0
2
/ .2
(n10059+ n2 —n?sin 9)

Verify that this result also holds, as it must, for the other polarization.

= 1
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5 Waves in conductors

An electric field in a conductor drives a current.

P of =

< |

and thus some of the field energy is converted to kinetic energy of electrons
in the conductor. This leads to absorption of the wave energy. In order to
investigate this, we must include the current in Maxwell’s equations. The only
equation to change is the Ampere-Maxwell law.

— —

V 5 B = pj+ pelL — o f 4 pell
= W+ peE = po b+ pems
We may still take the free charge density p, to be zero. For suppose p; is not
zero. Then from charge conservation,

!

9 ) L

Ll - V.j=-V.of
ot

o (L

7 (3

This dicerential equation has the solution

Il
T S

N———

(=)
=poexp | ——
Py = Py CXP Z
so the charge density dies away with a time scale

T =

Sl IO

which is very small for good conductors. Aswe discussed before, even if ¢ — oo,
the timescale does not go to zero, as the dominant factor is then the timescale
for the fields to change, of order (scale of system)/(speed of light).

Now we may rederive the wave equation with the extra term in Ampere’s
law. Starting from equation (11), we have

6(6-5)—V2E: 7% (6xé):—% (uaﬁJrus%?)

which becomes

- 9 = OE
2
v E:E,MUE—F e 50

The wave equation now has an extra term. We may still find a plane wave
soution of the form:

E = Eoexp (ié-?—iwt)

sel}
Il

By exp (le 7 — iwt)
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Studng these expressions into the wave equation and Maxwell’s equations, we
have

—k? = —iwpo — pew? (38)
k-E, =
k-By = 0
E X _’0 = wgo (39)

Thus the wave has the same transverse nature as before. The only thing that
has changed is the relation of £ to w. Equation (38) requires that k£ be complex
if wisreal. So let k =k + iy. Then

E? = K — 7% + 2iky = iwpo + pew?

So we have two equations obtained by setting the real part on the left equal to
the real part on the right, and also by setting the two imaginary parts equal.

k2 — 4% = pew?
2K = wpo

From the second, we get
wuo
== (40)
K

and then from the first

2
K* ~ (w2u0> —ew? =0
K

This is a quadratic equation for x2 with solution

2 pew? £ \/(/wwz)2 + (wpo)?
- 2
144/1+ (0/we)?
= pew? 5

We must get back our previous result £ = w,/ue as ¢ — 0, so we need the plus
sign:

[
1+ (0/we)?

1+
K= W/ e 3

and then from (40), we have

_z\/z 2
2V e\ 14 /14 (0/we)?
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The imaginary part of & shows that the wave is damped:
expi%- 7 = exp [zl;: -7 (K + m)} = exp (ml; . F) exp (—7/% . 77)
and taking the real part, we have
cos (/‘iiﬂ' - F) exp (—’ylAc - F’)

The wave attenuates exponentially as it propagates. The distance travelled
before the wave amplitude drops to 1/e of its original value is called the skin
depth
1
§ ==
v
Faraday’s law (equation (39)) shows that £ and B no longer oscillate in phase.
We may write k in exponential form as

lzzl;:(/{—l—i'y):l;: K2 4+ ~2 expig, tanqzﬁ:l
K

where
—_—
1+4/1+ o jwe)? 2 1
- 2(/ )+07u R
141+ (0/we)’
2+ (0/we)? +24/1 + (0/we)? + 02 /w2e?
= wy/pue
2<1+ 1+(J/wa)2>
_ 1/4
= wy/ue (1+(J/¢u5)2)
and

tan ¢ =
Ew <1 +4/1 + (0/we)?

Then equation (39) becomes
kx éE, (ke'®) = By
1/4 .
By = wy/pe (1 + (a/ws)z) Ege™

A material is a good conductor as far as wave propagation is concerned if

o
—>1
we

in which case we find

By ~ \/UWME0€i¢
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so that g
By > —
v

and the phase shift ¢ is almost 7/4. (tand — 1). The fields in the conductor are
primarily magnetic in character. In this limit we also have

1
/‘CNW\/M_E\/ +o/we \/wgu:’y

and the wave damps within one wavelength. On the other hand, if o/we < 1,
we have a poor conductor, the phase shift is small, and the amplitudes of the
fields are not much dizerent from those in a non-conducting medium.

5.1 Reflection at a conducting surface

There may be a free surface charge density on the surface of a conductor. In
fact, there usually is. But there cannot be a free surface current density as this
would require an infinite electric field (j = 0 E, and if j = K6 (z — zsurface) then
E = %5 (z — Zsurface) - Such an electric field cannot exist. Thus we choose to
use the boundary conditions on tangential E, normal B and tangential H. Let’s
consider normal incidence for simplicity. Then we have

Eg+ Ey = Ey
and
Hy—H, = H;
i(EO*Er) — ﬂEtew
U1 Ho
o .
(EO - EI’) = M _Et62¢
Wy

Thus we have

2E,

Il

=
VR

—_

+

s
£ s
[\v]

Cb@.

<
~—

and then

E, = E, (T\/wzwew} (41)

Asoc — oo, By — 0and E, — —1.
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5.2 Note on computing power using complex numbers

When our amplitudes are complex, as in (41), we must be careful when evalu-
ating physical quantities that involve the square of these numbers. Let’s look
at the power.

L
Ho

S=—ExB

Since
Re (z122) # Re(z1) Re (22)

we must take the real part before multiplying. Thus

- 1 = - - -
Sphys = M—Eocos(k-f'—wt—l—ng)XBocos(k~F—wt+¢B)
0
1 = - -
= 2—E0><Bo{cos(?k-F—th—i—(ﬁE—i—qﬁB)—Q—cos((ﬁE—qﬁB)}
o

Now we time average, to get

- 1 = -
< Sphys > = _EO X BO Ccos (¢E - ¢B)
2110

We can get the same result more easily as follows:
1 = = 1 = = ) )
—FE x B =—FE x Byexp (i¢pg —ipp)
219 210

and so
S 1 - _,
< Sphys > = Re <_E X B*> (42)

6 Dispersive media

In general the properties of a medium, such as ¢ and p, are frequency dependent.
This means that waves of dicerent frequencies travel at dicerent speeds. A
plane wave carries no information. To transmit a signal we have to vary either
the amplitude of the frequency of the wave- the resulting signal is called AM
or FM ( as on your radio dial). The wave crests travel at the phase speed
vy = w/k but the envelope that carries the information travels at the group
speed v, = dw/dk. Itis v, not v, that must be less than c. In order to get
the signal, many dizcerent frequencies make up the wave packet, and because
they do not all travel at the same speed, over time the signal becomes less well
defined— the pulse is dispersed. Those of you who plan to take Phys 704 in the
spring will learn more about these enects then. For now, let’s see if we can
understand how the frequency dependence arises.

We begin with a simple classical model of an electron in an atom. The
electron behaves as an oscillator with a restoring force

Fres = —mw3s
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where wq is the natural oscillation frequency and §'is the electron displacement.
There is also damping due to radiation reaction, which we may write as
. ds
F, = —my=—
damp mry dt

Now when an incident EM wave reaches the electron, it will experience a force
FEM = —€(E+UX E)

We have already seen that, for waves in a medium with phase speed v,

so the magnetic force is smaller than the electric force by a factor v/v, which is
typically < 1 since vy ~ c. So we will ignore the magnetic force. Now we may
write the equation of motion for the electron:

ﬁtot = ma
B ot g 48 P23
—erig CoOSWl — mwos — mry=— = 1 —
dt dt?

The electron oscillates with § parallel to EO. We may put the z—axis along this
direction, to get

&+ i 4+ wir = —eEy coswt = Re (—iEO exp (—iwt))
m

The solution will be of the form

z = Re (moe_i“’t)

Stur this in and check:

(—w2 — W + wg) 9= —=—F)
m
S0 /
eFEy/m

Ty = ————s (43)
W+ 1ryw — wj
and the electron contributes a dipole moment about its original equilibrium
position of
62 EO

mw? +iyw — w3

pP=—es=—

Summing up over all the particles in the material, where there are n molecules
per unit volume, each of which has f; electrons with frequency w; and damping
7v;, We get a polarization

5 - e? fiEo
P=np=—n=— = s
m w +2”ij7wj
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So we now have a model for the susceptibilty of the material

— —

P =¢eox . E

Thus )
e fj
= ) — ———————
Xe m ZwQ—i—i’y,w—w?
j J J
Because x isa complex number, the polarization is out of phase with the driving
field E. The dielectric constant is than

/ ne? 1 \
Lt—=—> = (44)
and consequently the wave equation (16) has plane wave solutions of the form
E= EO exp (iE-F— iwt)

where

( 5
_ ., o ne
—k*Ey = epw? Ey = eopuw? Ey \1 + Z =

gom (2 —w2)2 + (v;w)

fi (w? +iy,w — w2) \
)

and because ¢ is complex, k£ must be complex too.
k= kr + ik
Putting the z—axis along &, we have
E = Egexp (—kiz) exp (ikyz — iwt)

The wave is damped. The wave intensity is proportional to £E2, and so it de-
creases as exp (—2kiz) = exp (—«az) where « is the absorption coe¢cient.

Let’s look at the special case where the second term in equation (44) is
small, for example, in gases. Then we can approximate the square root using
the binomal series:

fr— T .
\/1+m:1+5 ifr <1

So
2 w2 iy — WP
l{:—\/ﬁw—gfl—k;e sz(w7+z'2y7w w)z\

e\ Zom S (W —w2) o+ (h,0)° )
SO 9 9 f

w? ne i

Q= — (45)
S % T T
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and the refective index is

2 92 — )2
n:c_k:r:1+2ne Z Jj w72 w) (46)
o T ham S ) ()

The denominator of the fraction in these equations becomes very small when
w =~ w; because v; < wj, and thus the fraction becomes large. There are
resonances at the fundamental frequencies of the system. These correspond to
atomic and molecular line transition frequencies. To display the behavior more
clearly, look at a system with only one resonance, and let

;em =wk  wlwy=3 g /wy =0
Then
" w2 wf, 1iv :i nf;
wWicwh (1 —w?/w?)® + (y;w)" fw? i (1= 22)" + (n2)”
and

Wy fi(1=a?)

207 (1 - 22)” + (52)”

The plot shows ca/w; (solid line) and n — 1 (dashed line) with n = 0.1 (much
larger than actual values, for clarity in the plot) and fjwf,/wf =1

The absorption coeGcient peaks strongly around x = 1, and is very small away
from that region. The width of the peak is determined by n, which is usually
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much less than the value of 1/10 used in these plots. The index of refraction n is
greater than 1 for = < 1 but becomes <1 for = > 1. Thus the phase speed of the
waves is actually greater than c for frequencies slightly greater than resonance.
The group speed, however, remains less than c¢.The refractive index n drops
steeply at the resonance— this evect is called anomalous dispersion. For real
materials, we have to sum the contributions from all the resonances, but graphs
like this describe the behavior near each one.

For frequencies well away from resonance, the erect of damping is negligible
and we have the simpler relation

2
w .

n:l—&——’g L 2
2wy (1 —2?)

Further, if we are well below resonance, z = w/w; < 1 (in transparent materials
like glass w; is usually in the UV), we have

2

n:l—‘—%]@ (1+x2)
J

and we see that n increases with frequency. (See LB §16.5.5).

7 Wave guides

We’ll close this discussion of waves by looking at happens when a wave is con-
fined within a set of boundaries. The wave fields have to satisfy boundary
conditions on the walls as well as the wave equation. Consider a wave guide
made of of a long, straight, perfectly conducting tube with a constant cross-
section, whose shape, for the moment, is arbitrary. The electric field has to
be zero inside the perfectly conducting walls, and since wave fields are time-
varying, that means that B must also be zero. Otherwise, the non-zero 81§/8t
would create an E through Faraday’s law, and we know there can be no E.
Then making use of the boundary conditions, we must have

B-2=0

on the guide walls, and .

nxE=0
as well. We do not use the boundary condition on D -# because there could be
a non-zero surface charge density on the wall.

We are interested in waves propagating along the guide, in the z—direction.
The waves can start oo propagating at an angle to the z—axis, in which case
they will reflect at the wall, and propagate down the guide by bouncing back
and forth. The superposition of these waves forms the total disturbance in
the guide. As the waves superpose, they will interfere, and only the waves
that interfere constructively contribute. It is easier to solve a boundary-value
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problem than to try to sum the appropriate set of reflecting waves. (But see LB
Digging Deeper, page 1060 for a simple example of how it goes.) We should
note that each of the reflecting waves has the form we have come to expect (£
perpendicular to B perpendicular to IZ), but when we superpose them to get a
disturbance travelling parallel to the guide (z) axis, the resulting fields can have
a z—component. (See LB Figure 33.28, for example.) So we have to allow for
this possibility. We start oe with the following assumed form for E and B (as
usual, real part is implied).

E = EoeXp(ikz—iwt)=[Ei(x,y)+Ez(x,y)2}exp(ikz—iwt)

—

By exp (thz —iwt) = [BL (z,y) + B, (z,y) 2} exp (tkz — iwt)

&,
I

The amplitudes must depend on z,y so as to satisfy the boundary conditions.
Now we stum these into Maxwell’s equations.  For simplicity let the guide
interior be vacuum.

V-E = (ﬁj_-El_-ﬁ-ik:EJexp(ikz—iwt)zO

<L

B = (ﬁ B+ isz) exp (ikz — iwt) = 0

From these first two equations we can already see that the z—components of
the fields act as sources for the perpendicular components:

L OE, OF
V,-E, = + == = —kE, 47)
ox y
— =1 BT B1 .
VL'BL = 8——{—6 J:—zijZ (48)
Ox Jy
From the last two equations, we have
S o 0E, O0E, oF,
= —Z_ Y _ijwB, = —=—ikE, 49
(V X )T Ty 5, w Ty ikE, (49)
- o OF,
(v x E) — kB, — 2 — iwB, (50)
y ox
5 o or, O0E, .
(v ><E)Z = S-St iwh. 1)
and similarly
= = aBz . LW
(v X B)w = == kB, = i E, (52)
— S5 . aBz _ LW
VXB)y = kB, - == = ~i=E, (53)
- o 0B 0B w
B = —L _—_—_i|—F 4
VX 2 oz Oy v (54
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We can solve these equations to get the x— and y—components in terms of the
z—components. From (49)

1 (OE, .
Ey = E <W — szl.>

1 (0B, iw
B, =— (== _Zg
i ik(@nc c? y>

Combining these, we have

1 [0, 1 (B, iw
E, = — = (= - ZE
Y ik [ Oy Wik ( or 2 y)}

1 0F, iy 1 0B, w?
ik Oy k? Ox k2e2 Y

and then from (53)

So
w? [ w 0B, 10F,
By (“m) B Z(Fa_m_Za_y)
] E B
E, = - (ka 2,2 ) (55)
' w?/c? — k2 Oy oz
Similarly, we get for the other components:
i OF, 0B,
E, = —z 56
‘ w?/c? —k? ( or Oy > (59)
i 0B, wOE,
B. = w?/c? — k2 <n ox 2 Oy ) 7
) 0B, w 0F,
B, = ’ =
Y w?/c? —k? <n Oy * c? Oz ) (58)

Now if we can just find the z—components, we are done! So go back to
equations (47) and (48) and insert the results for the x—and y—components.
We simplify the notation by writing

2
2 w

==k
=2
o |1 OFE, 0B, 0 [ OF, 0B, _
—_—— —= —_—— _ — —kE
| (e )| - s [ (5 -5 s
0°E, 0O’E, 5
_ = —y°E,(59
81'2 8y2 ’y Z( )
and we get the same equation for B, :
9°B, 0’B, 5
p) + PIE =—"B, (60)
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These are decoupled equations: the solution for E. is independent of B, and
vice versa. That means we can solve for E, assuming B, = 0 — these are the
TM or transverse magnetic modes, and then solve for B, assuming £, = 0 —
these are the transverse electric modes, and then get a general solution as a
linear combination

E = aEte + BETm

If both £, and B, are zero we have TEM, or transverse electro-magnetic
modes. For these modes, equation (51) becomes

E = _, - o
9By 2B\ . \_$xBoF—-Su
Oz oy

and equation (47) becomes

9B, (OB G F—0=—vu

ox Ay
We know that the maxima and minima of the function ¥, a solution of Laplace’s
equation, must occur on the boundary of the region. But E x 7 is zero on the
boundary, which means that ¥ is constant on the boundary, and thus it is
constant throughout the guide. But if ¥ is constant then £ = 0. The only
exception to this is if the guide has two separate pieces to its boundary— as in
a coaxial cable.

Now it is time to tackle the boundary conditions. Tangential £ must be
zero, and one of the tangential components is E,, so for the TM mode we must
have

E, =0 on the walls. (61)

The boundary condition for B, is a bit more complicated, so we’ll wait for a
specific example.

7.1 Waves in a rectangular guide

Let the guide have a rectangular cross-section measuring a x b.

7.1.1 TM modes

The E, component satisfies the dicerential equation (59) together with the
boundary condition (61). We may solve using separation of variables:

Then the dizerential equation is
X"Y + XY" = —4*XY

or



The two terms on the left of this equation must each be constant if we are to
satisfy the equation for all values of x and y. Further, we want solutions for X
that are zero at two values of z, = 0 and x = a. Thus we need a negative

separation constant so that the solution is a sine:
. nm
X" = —a?X = X =sinaz and a=—
a

similarly for Y :

Y" = —8%Y = Y = sin By andﬁz%
Then )
nm\ 2 mm\ 2 5 w 9
() +(F) ==k (62)

At a given frequency w, the corresponding wave number is

w?2
k==~ Yon
Clearly w must be greater than ~,,,, for the wave to propagate (¥ > 0). Thus
for each mode (value of m and n) there is a minimum frequency at which that
mode will propagate. This is the cut-oa frequency for that mode.
n2 2
Weutoa,mn = CYpyp = CTT E +

m
T

There is also a cutor frequency for the guide, corresponding to the lowest cutoo
frquency for any mode.

Weuton,guide = Weuton,lowest mode = CVYmin

Considering only TM modes, we have a cuto= frequency corresponding to m =
n=1

1 1

Weuton , TM = CT0 ? + b_2

The wave phase speed is

w w 1
,U(f) = e— T e—— (C—
k V w2/c2 - 73nn 1 - CQPY?ILTL/W2
and is always greater than ¢. However the group speed is

_dw
T dk

Vg

To get this most easily, we start with the expresson for k2 : .



So

C

v

Thus if vy > ¢, vg < c. Information travels down the guide more slowly than in
vacuum. Sometimes the guides are called delay lines, indicating that the guide
slows the propagation of information down the guide.

dw_ 2k_
&k ‘o

7.1.2 TE modes

For the TE modes, we use the boundary condition on normal B. Thusatz =0
and x = a we must have B, = 0, whileat y = 0 and y = b we must have B, = 0.
We need to express these results in terms of B, so we use relations (57) and
(58), remembering that E, = 0 in this mode, so

1 0B,
B, = k
N w?/c? — k? ( Oz >

i 9B,
B, = k
! w?/c? — k? < By)

and so are boundary conditons are

B.
68_3: = 0 atx=0,a
0B,
— = 0 aty=0,b
ay y )

These are Neumann conditions. The solutions are then:

B, = cos (%) cos (m;ry)

with

except that now either n or m may be zero (but not both!) giving a lowset
frequency for the TE mode of

CTt

Wcuton, TE =

for the case a > b. Since this is a lower frquency than for the TM modes, this is
the cutor frequency for the guide.
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